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ROBERT A. GAMBILL (¥)

A Fundamental System of Real Solutions

for Linear Differential Systems with Periodic Coefficients. (**)

Introduction.

In two previous papers [2, 3] (), we have considered questions of bounded-
ness and stability of the solutions of differential systems of the form

(1 - 7/7 -+ 0'? Y; A zh @) yu = 0 G =1, 2,..., n),
1

where (A) oy, Ou, ..., 0, arve distinet positive numbers, (B) 1 is a « small » real
parameter, (C) @, (t) are real periodic functions of period 7' = 27/w,

T + o +
J(Pn«.(t) dt =0, @ut) = zk cihk'ezkmty ZI:. | Cink I < 0, (G, b ==1,2,...,n)
0 — — O

(D) mw £06; 01 (G, =1, 2, ..., n; m =1, 2, .. ). As we have seen in
[2, 3], conditions (A), (B), (C), (D) together with certain additional conditions
on the matrix @(t) = g,(t)| assure that all the solutions -of (1) are bounded
in (— co, -~ oo) for 4 sufficiently small in absolute value. The additional con-
ditions are any of the following: either (x) @() is even [pu(t) = @ul—1)
G, h=1,2,...,n)], or (f) D) is symmetric [@,ut) = @) G, b =1,2,..., n)],
or (y) @) = De(t) -~ y(t), where @D, == diag (Dy, ..., P,) is the direct sum of

(*) Address: U. S. Naval Avionics Faeility, Indianapolis, Indiana, U.S.A..
(**) The present research has been made possible by a grant from the National Science
Foundation  [NSF Research Project 0101].
() Numbers in brackeéts refer to the Bibliography at the end of the paper.
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blocks @,, ..., D, each satisfying («) or (8) and the elements of y on or above
[or on or below] the blocks @, ..., @, arve all zero.

In this paper, we shall consider only those systems (1) which satisty (A), (B),
(C), (D) along with any of the conditions («), (8), or (), and we shall give explicit
expressions for a fundamental system of 1ea1 solutions of system (1) in the
form of power series in . These expressions are analogous to the well known
expressions of the solutions of the MATHIEU equation, and reduce themselves
to these, when system (1) is the MATHIEU equation
(2) oy +{o* - A-cos(2t) by =0.

We shall use consistently in the next sections the concepts and formulas
given in [2]. We shall refer to them by quoting section and formula number.

§ 1. - Transformation of the fundamental system,

If in (1) we make the transformzption
(1.1) Y5 = — (22,0 + 2,)/2, ?}f = —10;* (%2m — 2;)/2, (j =1,...,m),

then (1) becomes

. . A
g Zpj-1 = 00, %y I 55 Zh @ ilt) '[zzn—1 + 2a1]
: i1

(1.2) Wi o (=1, ..., n).
? Boj == ——10; 2y, 3. zh (pih(t)'[zzh—l -+ zzk]
405 9
This is a system of the form
(1.3) 2 = 02 + 4 zh Yalt) 2 (G =1, ..., 2n).
1

‘We will now make use the formula for a fundamental system of solutions
of (1.3) which is given in [2, formula (1.4)]. Let us put

[ Am)y ) tm) ___ (m)
3 Z1in = Py ly,en—1 Zoin = Raj_g;0m

(1.4) : g

{m) ___ (m) {m) (m)
zzlih - zzi,2h—-1 ’ zz‘.’.:h - z2f 2h
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ad apply the substitutions given in [2, formulas (2.4)-(2.10)] to [2, formula (1.4)
‘We then obtain:

1 5) {(m) (S ”"h ) < _;_“ < £y : 1 gttty =1,
( . zllm A na Zﬂ 2 Z‘p---yfp_‘ Ekx,u. [ Zup.-.;u”_l (— )
1 1 — 1

Aty m) Lluptgm—1) PR 2 (L 2 R TR 2 % 1
G:t,.z»1 Ct,m, . Ctp_l,hkp ¢ ?

'{aj Gy oo a,g‘l-[»—r,» Ay e F R0 ]

L=1)7, + (b + oo +E)o +w]oc (197, +Fo + w]} Y

where
—an fu=v=1h=4j k=0,
0 ifjh, ,
O = g™ =( —dyy i u=v=2, h=4j k=0,

epe k20,

and where di}, dy") are given in [2, formulas (2.9), (2.10)]. The convention is
made in (1.5) that those summands for which the denominators vanish are
excluded. :

For the sake of brevity, we will not write explicitly the other three functions
of (1.4) but indicate how they may be obtained from (1.5). If in 27, we replace

115k
(l,u,,m) (Z,ul,m)
ey by Cien then

(m)y __ _ m) L .pitpt
Zorin = By T 67h € .

Ifin 2% we replace everywhere 7, by — 13, then

(m) o tTht
Rrein = zuih Om-e .

Ifin 2{), wereplace cw™ by ciw™ and v, by —7, everywhere, then

my __ o fm) ot
z225h - um —1 26)7» .
Let us now put
my __ E (z(m) t z(m))
Yine = 3 s T Fauin

1
my __ (m) I pm)
Yime =3 (Z19in + %oz

(1.6) , % ‘ G, h =1, ..., n).
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(m)

In the formula for y;7,, replace everywhere k; by —k, and use the property
that

(3—uy3—v,m)

L, m)
¢ ink

ihy — 7 E

for all meaninfull u, v, m, j, b, k[2, § 2]. In the so obtained expression, replace
everywhere 3-u by w. The result is 7. Hence

{m) m) ; p—
Yirs = Yoma (m=20,1, 2, ..).

Therefore

L (’l (m) ('m)) —TIm1 (m) and {m) {m) Re (m)

2 Yimar— Yz ) = Yim an (sz + Yie) = Re g3
are real, hence

e Tt (m) . m)
Imyu, = lim Im yg and Re y,, = lim Re y5,
m—>co m—rco

(, A =1, ...; m) form a fundamental system of real solutions for system (1).

§ 2. - A fundamental system of real solutions.

Expanding ¥, (and also d;”; and d?; by[2, formulas (2.9), (2.10)]in powers
of A, we have

2.1) ““2?/7'n1 = (S;'h'cit"t -+ — i 2 Cing* -gfrertmlt { (kw - 7,)° ”’“T?}ml -
= .
}u r, itz E.;ankz i“ {_—_{? Citlk‘.cilhkz.ci.[(kl+kz>m+rh]t {(_ 1)u 7,, thyw - Th}—
1 - 1
'{[(7‘71 + ko - T)LP”‘T?}* 8 2 zfq . z . _z:} ;u — 1) Cintey" Cite,"Cogne,”
.ei-[k,m+r,,]z J ! -+

o=t o + I L— 1)1y + ko + 7]

+ - } +
ot + Bo+ 0P (D7, + Fyo—1,]

A3 Ty .
iz tu g . A (R SIS RIS
Z‘x» ty z’“nlz’»a z“p"a 1) :t,k, ctlt,k?_ ci,hk;, 4 *
1 1

‘{% o [(—1)7, + (ko + ko + n][(—1) 7, + ko + 7]}
{[(k + ky - k) 7—'5,,]2»-7 } - O(4%).
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+

In (2.1) make the following changes. Express all sums >, as sums of the form
—w

27» Replace ¢, by (a,,,,v — 3 bu)/2, k >0, where a;,, b, are the coefficients

in the real FoURIER series of
Palt) = gk{a,-meos(kwt) -+ b sin(koot) }

From the so obtained expression, we will now extract the real and imaginary
parts. Put

. i =2 Im Yy = Y
(2.2) , !
P —2Re Y = Yjutn,

then the 2n vectors
[ym G =1,.., 0] Wip (G =1, .., n)], (h =1, ..., n)

form a fundamental system of real solutions of system (1). Thus, we have:

(2.3) Yin = O sin(z, 1) -+ A { @i (lz — b P,lc } -
1

- 0 ' 0 n ol LR ool
};klska ;_: { AO Qerpr, Al Depr, ™ B, 1’1.-,,7:2 e Bl pk,,~k, }‘“‘
1

o 0 1 o 1
— 3 02 ;:, ZA,,La o, { Cio Qe i, 00,1 Ty —1e, — Do,o Prye, Dy, pk,,——ks} +
1

237, il

1
(] ' (]
51,,:, zkl,k., o {Ex,l,l ey egrey, EI,O,O Qpptepty, T
G¢, O,

1 (] ( 0 _ 1 .
w EO,I,O .(lk,,—k,,k;. ha -EO,O,I Qkukey"'ks FO,O,I pkv"e’ks

1 1 | 1 N 4
—Fy 0,0 P oyt iey ™ Iy Py~ T 1,1,1 pkx,lcz,-kg} - O(2%).
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The corresponding expression for ;4. I8

Atr; & V
(2.4) Yipin = 55,;808(‘51., 1) - — zk{a’ihk 79;2 4 D Q:} -+
3 1

oy

M,k 2 1
; i o 0 4 0 1 1 .
Ty s, .?, z’ink: o {AO Prym T 4y Prpr, B, oy B, Qkx,—ks}
X

AT N 1
— — 0 1 0 e 1 o 1 !
32 o, %tl ;’ﬁ.k, gy {GI,O Pror, T 00’1 Pryymiey 0,0 Qi 2y Dlvl Doyt } w

i 1

}'.37::; i

2 1
9 'y ] | 0 }
—_ 1 s/ o
Dinta 2,7:1, Faks {E1,1,1 (S Dl,ﬂ,o [
1 1 ¢ Oty

t.
i

8o,
) ¢ ! 0 ! 1
_1 L'O,I,O ka,—kmka B EO:O,l perkz"“ks - Iﬂo,o,l le,k,,k; +
T [ ;(11 T q; e L . 'O(A"‘)
' 1,00 1 —Fpskayky 0,1,0 Sk, —kayFg 13,1 Qrpke, ~2y S T °

The symbols used in (2.3), (2.4) are defined as follows:

r - 1Yy
P, ...,ls—Ph-la: iy T (1P

==y wy—lg?

Dty nty = Quytyy oty + (17 Q =1y ?

Py = [cos{ (ko + )t }[(ko + T)*—7}],  Qn = Pp-tan{ (ko + )t },

P _ Ty, C08{[(ly + ky)o + 7,] 1}
Fuks T { (ept0 + Th)z“”’%,}{ [k, + koo + Th]g*"f?} ’

Qu, = Prp tan{[(ky + ko + 1]t },

1

Py, =70 ([— Tik ko + 1) (ko + 7,)° — 1]

-+

' ! - .>-cos{(k2w +Ta) b},

T e ko + Bl o —7)P =]

Qro, = Prop tan{ (ke w + 7)1 },

Ty, Ty, 008{ [(ky + Ky + Fglo + 7,11}
{ [y ks + gl + 7,12 *“T?} {[(ky + Fz)o0 + Thlzf‘zgz} {(ky v + Th)z‘“Ti,} ’

'Pkl'k!'ka:
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— . ~ 1 1. .
ety = Propre 10 (B + o + Koo + 7]t },

&
— . { - .
A 1 (thlkl athk: T ( 1) b itk b‘xh"'x’

o
B =a,, " b E(—1)a,,. b
o T Wity Ytne, T tihky Uitk

— . . g . L
Cop = Qiney Gy ey Oy gz, + Bin, b beiny

* . . ! B . .
( 1) aihks bihk: bt,ika e ( 1) at‘ﬂca b:’hk= bjtlk:, H
— . . L . . i
DO"/B == Gank," Cjag, btxfl*'z = Eing," Ay, bjtlks R

+ (—1)"ay,

¥y

. . I Y . .
Qs sy bj"ks + 1) bjhka b”\"’a btxfka’

l — . . e 1Y . .
La,ﬁ,}' = i n " Ve, Coan, (—1) @, btlt,k2 by, +

8 . . Co(— 1) . .
- ( 1) atziﬁks b“xkx bf:"kn a ( 1) a"z""’s b”xki bixfzkz !
&
71 P . . Ji S U, . .
110;,/3,7 = Gip," Votony btgm.-z - (—1) Ay pr,” Vi, bmk\ +

B . . (e 1YY . .
-+ (—1) Gsen,” Fopr, bm,k: +(—1) ba't,k, bt,t:l:, bt,hkz’

The characteristic exponents ir; are given by

a2 n «© ’
(2.5) T; =0; i Zt D (@i @ + biubusr)
, i T 1

{ ! PR 3}+0w‘>.

(ko + 0,2 — 0% " (kw —0,)2—0
7

Formula (2.5) is obtained immediately from [2, formulas (2.9), (2.11)].

§ 3. - Examples.

We give here some immediate applications of the theorems mentioned in
the Introduction and of the formulas (2.3), (2.4), (2.5), where for the sake of
brevity, we write only the terms in 4. Terms in A%, A%, could be obtained directly
from (2.3), (2.4), (2.5). Further terms could be obtained by using the proce-
dure of § 1, § 2. : . )
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31. - The MATHIEU equation. In case system (1) is the Ma-
THIEU equation (2), the expressions (2.3), (2.4), (2.5) reduce themselves to

sin[{2 — 7) -] 1

A [ sin[(2 + 7)-f] ) ‘ .
Y = sin(zt) -+ '8;{ ] - 71 J -+ 0(2?),
M I cos[(2 + 7)1} | cos[(2 — 7)+7] 4 .
o == eos(r) - 0 f LD BB L o,
where 7 = ¢ — 2¥[160-(0* —1)]-* - O(4%). With appropriate change in nota-

tion, these are the formulas glven in [4«, p. 20].
3.2. — Consider the differential system
S Yo - oty = A-sin(wt) Y,

(3.1)
e’ '/2 + 0y Y = A-sin(wi) -y,

which satisfies conditions (A), (B), (C), (D) and (f) of the Introcution. By
CESART’s results [1], mentioned in [2], all solutions of (3.1) are bounded. From
(2.3),(2.4), (2.5), we obtain the following fundamental system of solutionsof (3.1):

Yn = sin(zy t) -+ 0(4?)

i cosl(@ + m)t]  cosf(o—7)d] +0(22)
Yn = (Ta—o—T)t+ o +1) (to—t)(n—o-+z) [ '
{ cosf{w + 7,)-t] cosf(w — 7,) 4] )
u-—ro)(rl+ o+ 1) (4 -+ 0 —T)T — o+ 1)

Y13 = e0s(t, 1) + O(A?)

sinf{w + 7,) 1) . sinf(w — 7,) 1)

(t,— 0 —1) 1, + 0 + 74) (o + 0 — )ty — 0 + 74

v =52 )}+0ML

Aty sin[(w -+ 7,)-1] ' sin[{w — 7,)* ]
Y4 = 57— { -

l :
e ]

20, (=0 —1)1y + 0 + 75) i (ty + © — )7y

Y12 =
Yoo == sin(z, t) -+ O(4?),

Jza == CO8(T2 1) + O(4%),

where 7, =0; + 0(4%) (@ =1, 2).
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