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Rﬁ P. SRIVASTAV @)

On the Mean Value of Integral Functions

and Their Derivatives.

1. - If f(z) is an integral tunction of order g and lower order 2, the mean
value of f(z) defined for |z| =17 is

1 27T g |
(1.1) I{(r) = —é—_—zj[ fre'®) | do .

It is known ([3], p. 174) that itisan increasing function of rand logI(r) isa convex
function of log#. The object of the present paper is to study some of the
properties of I(r). In section two certain results obtained for logarithmic mean

value have also been given.

Section I.
2. — Theorem 1.

Let
max | f(2) | = M(r),

[z]=r
then, for 0 <r << R,
R4
(2.1) I(r) < M@r) < E;r_-; I(R).
(*) Address: Department of Mathematiecs and Astronomy, Lucknow University,

Lucknow, India.
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(2]

Proof: First part of the inequality follows from (1.1). From CATCHY’S
formula, we have

1 w+z do
20(6) —10) = o [ flon 225 22
|w|=r
and
1 flw) B? + wz
10 = 5% ]T e 0
jwl=r
Consequently

wi

1 + 2 w
2f(z) = 2ni j f(_(i)u_) [w + 2t

w—2z -

| a0,

Let z be the value for which |f(2) | = J(r), then

wl

lwi=r

2

Iy R+T._1_ ip -
M <3—, 2nf]f(Re )| dg

=

and hence the result.

From (2.1) we obtain the following corollaries:

Cor. 1.
— log log I(r) — log log M(r) 0
m 2o G SR e
e logr Se log = 2
Cor. 2.

- log I(r)
lim

7> ]\7('])10g r I

where N(r) is the rank of the maximum term in the TAYLOR expansion of
f(z) about 2z = 0.

Cor. 3. For 0 <p<<oo, *2>ry,

1) < M) < I(r)-ro*e.

The result follows by putting R=1 +{r/log I(r)}.
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3. - Theorem 2.
If I™(r) be the mean valuc of f'(2), the derivative of f(z), then, for v >,

Ly > L0 Joe 1)
‘ r-logr

Proof: ‘We have

21 2
1 ) 1 pi8Yy 10 ___ oppif
I90) =5 j[ ]u(wae) l ao :EJ lim fret®) — f(re eretf)
0. : 0

&~>0+

do

ere??

or

0y | 0 _ oyl T — 1
) > 1 f lim | f(re? )| -] fFre eretd) | 10> lim I(rk) I(r 78? -
T ) emsot er 304 er
o

Let g(r) = { log I{r)/(log r) }, then g(r) is an increasing function of », therefore,

oty (p — pe)oln) I(r)-loo I
190) > tim 2T e 100810
=0 .er r-logr

Hence the result.

4. — In order to prove the next theorem, we need the following

Lemma. Let f(z) be an intégml funetion of order g (< o0), with zeros at
21y Ray «ovy Zmy ... LThen, for large r,

]_"_(fl ets—1
]f(z) <00+

Proof.

Set

f(z) — zk 60(2) H <1 ___'_z__> ez/z"+.,.:+(zlzn)p/z>,

n=1 Zn
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4]
where p is the genus of the canonieal product, ¢(2) a polynomial of degree

< g and % is a positive integer. Logarithmic derivation leads to

f’(z)__{ﬁ , © 1 . -]; Cgr-l -
7(;‘)—z+Q(z)+z{ + = 4+ }

nemy L R —2, Zn 2P

k , ) 1 zZ\?
:;+Q(z)+"§1z_zn (;;)7

where @'(2) is a polynomial of degree <<p-—1. We put

@

@(z) = ngl zjz <zi>”= zl -+ 229

where

1 z\? : 1 z\?
21 - ]z;l]<§(:1—6)r 72y (;;> ’ 22 - z (_) ’

(140r<| znl B—2, \%,

0 << 6 << 1, such that no zero of f(2) lies in the annulus (1 —d)r < | 2, | < (1 4 6)r,
which is always possible by suitably choosing  and ».

7\t rrl
< 2 ( "—‘> -
r <(L— 8y T Ta

Since r,/r<<1— 4§, therefore, 1— (r,/r) > 8. Hence

Now

k3
rp<l—&t ra<(1—0)r

<O X < ofree 7707 = 00t .
( )< 2 )

Further,

r\"* 7?7
22 < Z (1 - _\) it
a+or<ry, ol 7

n

Since 7/r, < 1/(8 + 1), therefore, 1 — (r/r,) > 6/(5‘ + 1) and hence

§2<0(r’” » Ll)

,,.D'("
a+dr<r, Tn
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If p=yp—1, then 3,<O00@?®™". If p>p—1, then for arbitrary small
positive ¢, o +e<<p -+ 1. Hence

Z»<O(v~” D N> 7-;9*8): 0o+,

atdr<ry, a+-dr<r,

Since

[ F@FE@ < ) +1 Q@) |+ 21] +1 2.

3
the result follows:

Theorem 3.

— log{ r-[ID@)/I(r)]¥ }

}}_{g = “logr =0
where I9(r) is the mean value of 1(z), the s-th derivative of f(z), for |z|=1r.
Proof.
We have

1(1)(7.) — :;;:f lf’(TﬁiG) ldo — %f{ f(?'eig) ] , f,(mie)/ﬂmte) l a6 < I(,,.).re+e—1’

for r >7r,. Writing this inequality for s-th derivative, we get
I(s’(r) < I('—-I)(7.),,).Q+s—1 .
Giving s the values 1, 2, 3, ete. and multiplying together, we' get
I“’(?') < I(?‘)-T“H'E‘m,
and hence we have

o 3 /s
(4.1) ﬁ—n—l log{? [I&r)/ L)} } <o

oy logr
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Further, we have
I9(0) >{ I(r)-log I(r) }/(r-log ) .

If we proceed with I'°(r) and I“~"(#) instead of I’(r) and I(r) as in Theorem 2,
we obtain

1(3)(,.) >{I“‘”(7‘)'10g Itf*l)(,,.) }/(?..log 7).
From the above inequality we easily obtain

o log{'r-[I“)(r)/I(r)]l/s} - 0

(4.2) im o
re>c =]

The result follows on combining (4.1) and (4.2). . .

~Cor. TForr>n,
(4.3) I(r) 270 < IOy << I(r)-plete— D8
The following are .direct consequence of (4.3) and the inequality
Icsv—l)(7.).7.ﬂ—s—1< I“’('r)< I(s—1>(,'.).,re+e—1,
for » >r,.

() T0< o< oo,

— log I'®¥(v)
i () Togr

(i1) If 2>1, I@), I"(), ... form an increasing sequence for r >>7,.
(iii) If kg< 1, I(r), I), ... form a decreasing sequence for r >7,.
(v) If A>1,

' I9(7)
i g

provided p<<s-(A—1).
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(v) If p<C 1,

RGN
lim 1'”WI“O’

>0

provided p << §-(1—p).
Results (ii) and (iii) can be improved upon by a change of argument.

Theorem 4. If A=1 and o>1, I(r), IV0), ... form an increasing
sequence for all values of r >7r, >1.

Proof: From (4.3) we can write
I‘s)(T) o I(s-l)(r)_Ti.-l+0~(g——7.)+a' o I(S—l)(,),)_rel(g——l)%‘c' >I(s——1)(7‘,)
ey - H
where 0 << 6 <C1. Hence the result follows by giving s the values 1, 2, 3, ....

Theorem 5. If g =1 and A<l;I(r); IVw), oo form a decreasing
sequence for all values of v >r, >1.

Proof: If we proceed as in the proof of Theorem 4, we have
I9(r) = [€~D(p) - ph=Da-0+e"
and from this the result easily follows.
Thekorem 6. If 2>1 and g 5= 1, for » >,
I90) > I(r)-[ { log I(r) }/(r-log 7.

Proof is similar to ([1], p. 79).

Section II.

We define logarithmic mean value of an integral function f(2) as

[log | f(re®) | A6 .

0

1
Il(’)') = é};

Obviously I,(r) is a .non-decreasing function of ».
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Let

@Z&S’iz{

> 72

Y
8’

— I){7) T
lim = ,
7@ 4

r—>co

where n(r) is the number of zeros of f(z) within and on the circle | 2| =+ .
We prove the following

(i) o<l <oT<y,
(i) < <ot <8 {1 +1log(p/8) }<y.

Proof ().

From JENseN’s formula, we can write

n(x)

Ii(r) = Iu(r,) +f7 de

Hence, we have

r rglie
R 3 — eyt (r)-log K
11(7K’/Q)=A1+(f+’>ﬂxﬁdw>m+( el

To r

therefore,

K -I,(rKle 6 — n(r)-log K
B DOIR o ggme 4 2y 2008
K7Q 0 Q-/,'Q

and hence

S 5-log K d ‘log K
Kt> __.+__ig___’ KT}ﬂE_L'
[

(*) The method of proof is similar to that of Smam ([2], p. 221).
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Taking K =1 in the first inequality and log K = (y — d)/y in the second,
we gel

t > d/p, oTe = ye®l" > ef .

Further,
I ,(1'K1'/") < Ay 7,;‘: ¢ 1 + .,2,(7.];»_'1/9) log K.
Hence
KT < y 4 yI-log K , Ki< v 4 61 -log K .
e 0

Putting K =1 in the first inequality and K = y/d in the second, we get

T<ylo, @t<o6{1 +log(y/d)}<y.

<

I am grateful to Dr. S. K. Bosg for suggesting the problem and his
guidance in the preparation of this paper.
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