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R. K. Saxexa(®

Some Theorems

On Generalized Laplace Transform-II. (*%)

1. VarmaA [8, p. 209] gave a generalization of the well-known LAPLACE

ytraynsform
(1.1) D (p) =1p fe“” k(1) dt,
[

by means of the integral equation
o«

(1.2) D (p) = p [ ()™ Wi (p0) B (1)

0

where Wy, (2) denotes the WHITTAKER function.

1 .
When &k +m = 3 (1.2) reduces to (1.1) by virtue of the identity

t—m 6—-:}.’1)

T/V‘_l,—m,m ({U) =T

We shall denote (1.1) and (1.2) by the symbolic expressions @ (p)=h ()

v

and P (p) k(1) respectively.

k,m

(*) Address: Department of Mathematics, Maharana Bhupal College, Udaipur,

{India).
(**) Ricevuto il 20 settembre 1960.



288 ' R. K. SAXENA {21

In a previous paper [7] some theorems connected with the transform (1.2)
were given. The object of this note is to study some other properties of this
generalized Laplace transform. The results obtained ave quite general and in-
clude as particular cases certain theorems recenly given by RarTHIE [6, p. 1327
and NARAIN [5, p. 285]. In what follows » and s are positive integers.

2. Theorem 1.

If
D (p) k1),
I, mo . ’
v
) =10,
Ly W
and
1 ¥+§ sin v
2 o™ =g,
¥, 0
then
(2]) @ <p) — (23_[):}(3-—211—.«) sy+6 pa—g—-l n/‘.+;¢+k+m+a

o

|
4an, on pn ) K1y eev s OUgpig
X | GEr (—— f g (t) dt
s 253 N ’
f ne Rk o s E ﬁh LA ] ﬁ23+3n .

0

1 —2p—0 +1i. l—g -1
v, 1 J— ——
where (') o, = —- " Y Oppigy = ),
) i
5420 +2m —2¢ — 2k + 21 I —2y + 25 + 29
o, . e o —
2n+i+1 2 ) 3n-t+y+1 2g ?
/)) v /3 v 4+ 26 /9 24001
vt PRESET S s y Pastit1 = " ’
24 042m—0ag i 1 4+24—2u—20 4+ 2¢
ﬂ29+ﬂ+i+1 = ')L > ﬂ25+2n+i+1 = m

Qyy oy @
(}) For the behaviour of G‘fﬁ? (1, { ! y)

g . 2-'
[by oy BO)? cee [3, p. 212]
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fori=0,1,..,(n—1) and » =0, 1, ..., (s —1), provided that R(p + 2
oo mo o ) >0, R (2sp -+ nd = nd -+ s6) >0, R (s¢ + nd £ nd) >0,
R (p) >0, the generalized Laplace transforms of | g (t)]| and |f(?) | exist and
the integral is convergent.

Proof.

In a recent paper [7] I have shown that if

v
h(p) == f ()
L,
and
oL
Y v
pot e =g ),
then
(2'2) . I (p) — (2.7[)%(2 n—-5) 87+d ')2/.'+“+"_1 pl—a
o B nn | ay, ey Oonas
g (] ") g(d) at
X[ st sEEn g pn i Brs s Bostn o0 ’
0
1—0o -1 1—06—2u +1 m1+25—2'y+2v.
where a4y = ! Unpity = "“—ﬂ“ R 23“"”‘”‘ i
v 26 +» 1 4+ 242y —20 + 2i
/gy-;-l :TS ’ ﬁs+:-+1 = __~S_ ’, ﬁ26‘+f+1 - 2n o

for v=0,1, ..., (s —1) and 7 =0, 1, ..., (n—1).
By definition

(2.3) @ (p) =9p f e™ 22 (pr)™ W, (p) 22 b (@) dav.
]
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On substituting the value of & () from (2.2) in (2.3) we have

1) (1)) - (2n).1_.(2—1:—s) Sy+6 ;)Z’:+.l‘+‘7“1 ipm +%

X ffo"‘“’*’-*“’ g~ Wi (D) {fg )
0 0

Oy wve s Oopis 1
di ¢ dw
ﬂl: CERrY ﬁ25+n) j

15 pn
X st,zn ¢ n
2n 45,2841

83 gt

o
= (2) = g iruckosl ymtd J'g (t) dt
[1]

Fos weey “2n+s) da
ﬁl, e Igzs—irn

88 wll

w
mtoti-o ,-ive P G 2n & ar
X |x k,m (pz) ants es+n | g o0

0. .

w0
= (2)tE RN g1 HO phruto—l gymtd f g (t) dt
. o

1—f, o, 1 "‘“Igf“.s-l—n) dx
oy

1—oy, vei s 1 — oty

o«
n oS
+o+d-0 ,—% 3 2n,25 s
X f{ym o+i=0 p—ive Wi m (02) Goyrin onis (71"7
[1]
on changing the order of integration and and wusing a well-known vpropert
gmg 2 g property
of G-function 3, p. 212]
a; p 1—b;
=68 .
b-) ve 1—a,

7

~ fi -1
Gl (m

Now evaluate the z-infegral by means of the formula [7]

[==]
A a a
O nop\m—% L—no ,—dpa na (o] Lroores By
(2.4) (pz)~ta e Wim (D) G255 | 22 X 1 do
15 sev s U
Q
= pleTt (2 in it mone
" +n——l np— 2m no— 2m-+n—1 .
0“:f7+2n en O3 <00, 0 ] - 2eces Py 2 (13 ceny B
Toton, 64n P | b ZMQHEE—2m—1 2ng+ 2k —2m 4203 y
1y wes 3 00, on 3 eers on -
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where R (nb, +-m -=m +1 —np) >0, for b =1, ..., «;
1 1 1 1
!mrgz]<(oc 7’—/5’——5;/*;2- (5) moat+pf>cy+56 R(p)>0,

then we arrive at the result.
The change of the order of integration can be justified by the application
of de la Vallée Poussin’s theorem [1, p. 504] when the generalised Laplace

transforms of the functions |¢ (t)| and |7 ()| both exist and the integral is
convergent.

2.1 Corollary

1
On taking » + § =3 in (2.1) it takes the following form. If

v

D (p)

k, m

2 h (1),

h(p) 5= 1)

u
and
1 8u+ 8
Tt iny s
p " Nf@T) =g @),
then
(25) 7)) (p) — (275)§(3-2n~s) 83» po'—g-—l n/’.+;¢+k+m+o
ferl
P oy, ey Ogy
X | G (m g (8 di,
f ™ etan 7 ﬁls sets ﬁs+3n
5 4
1—2u—0¢ +1 l—0o-+14
Whel'e Kppq == | Appiyy = —
n n
5420+ 2m—20—2k 4 2¢ » 2 0—0 14
. Q ) o . 2 e
Gant iy == om = b = Broivg = —— n ’
24+0+2m—0o 41 1 42424 —20 + 27
ﬁs+n+z‘+1 == 3 ﬁs+2n+z‘+1 =

n 2n
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for i =0,1, .., (r—1)and » =0, 1, ..., (s —1); provided that the integral
is convergent and Laplace transforms of | g (1) | and generalized Laplace tran-
sform of |f(t)] exist, R(c +pu£u)>0, R(g +2 +mEtm+putpu>0
and R (p)>0.

(2.5) was obtained by NARAIN [5, p. 285] in an entirely different form.

3. Theorem 2.

If
h(t) =@ (™)
and
s/ v
1 exp (— at™™) D (1) — v(p, a),
then
(3.1) P (p, @) = (2m)¥*~"=2 p} ghrutin=l gyiosin

o«

112,25
X fGes.n+=

0

s (t + a)n

ps /nﬁ

Cyy een s Olag

h () de¢
51; sev s ﬁn*}—s} b() b"

provided that the generalized Laplace transform of |¢!exp (— at™") @ |
and Laplace transform of |7 (#)| exist and the integral is convergent,
R (nu £ ap +n +s—nal)>0, E(p)>0, R (a) >0,

nl —s 4w nl —2npu — s + nw 8 i
o, == —e——— [r . = B 1 T Ty
v+l ns P el ns ! %

2nk + 2nl —2np —n — 28 - 2ny
Brtesr = 2ns = for v =0,1, .., (s - 1)

and i =0, 1,.., (n —1).

Proof.
We have

(3.2) . RO W)



{7

and [7]

(3.3)

where R (nu =2u + 0 +s—nl) >0, R(p)>0, R(a)>0 and R(z)>0.

SOME THEOREMS OX GENERALIZED LAPLACE TRANSFORM-IT

2np--n—9nl

; I '
i ¥ exp (~ at — 5 zt”’s\) W, (2t")

A

U bo—n— -k g+ Adpbs/nal 1 pu—}—sf
(-):‘C)'(q n— s) n _pél-i-/w—yfsn ’zl k80

2 {p + a)"
X G:;?s [___‘__‘__‘__'
285,540 ﬂla - ﬁs—{”n

s¥ nt

Uys oee s oegg}
’

Using (3.2) and (3.3) in Parseval-Goldstein theorem of Operational Calculus,

namely.
If

then

we obtain

S,

A =g  ad @) =g,

<]

[A®) gu(t) 72 dt = [ g:(0) f2 (1) 7 it

0

©

Ayl

2 an—2nl—28 e ,
[ ¢ @ exp { —at —§zt"” i W, . ") @ @) di

ie-n—s ..~} §fnem —pr——
:(275).,,(2 =9 4 _81+A+y+</n Lpl—p Y—s/n

@

% N, 28
Tas,254n

4

&t + a)r

8% nt

Ofyy von s Uag

: h () dt.
ﬁlﬁ L} ﬁ23+n ( )

The theorem follows immediately from above on multiplying both the sides
by ##*}, putting ¢ = ™ and lastly replacing z by p.

3.1. Corollary 1.

If

h(t) =D ™)

10, — Rivisia di malematica.
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and
tiexp (— at’") D (1) =y (p, a),
then
(3.4) w(p, a) = (275)%(2—-11—-3) ptgtrsin-t pl——-s/n
n,s ([ + a)n $8 Clyy vesy O
he G N A S 3
4[ 3,ﬂ [ nt Ps ﬁl, cee sy ﬂnl g (t) df’
[}

provided that the Laplace transtorms of |Rh(f)| and |ttexp (—at™ @ ()]
exist, the integral is convergent, R (p)>0, R(a)>0, R(n +s —nl)>0,

nl~—s -+ ny

i .
T = fori=0, ..., (n—1) and » =0, 1, ..., (s—1).

where o, , =
vl ns !

For 2 + p =, (3.1) reduces to Oorollzxry‘l.

Lo | -

3.2. Corollary 2.

If
h(t) =D (p)
and
A (t)%‘ v (p, a),
then

I'(w) I'(v + 2u)
TG+u+v—72

¥

(3.5) w(p, a) = pl— :

©

1
ng(v, v+ 2w ety — A -

0

i+ a

7

) h (1) di,

provided that the integral is convergent and Laplace transform of |  (¢) | and
generalized Laplace transform of |7 *e™* @ (1) | exist, R (p) >0, R(a) >0,
RBR»)>0, R(v +2u)>0.

Put # =s =1 and ! =2 — » in (3.1) to obtain Cor. 2.
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4. Theorem 3.

I
b ) == (p)
and
e R (1) % p(p, o: o),
then
(4.1) ®(p):=£¥%j%§é%é§£9’k+m+%
[ e e

;

provided that the integral is convergent and generalised Laplace transform of
|5 ()] and |7 ¢ R (1) | exist, B (¢)>0, R(¢c—2u)>0 and R (p)>0.

Proof.
BrDELYI [2, p. 50] has shown tha

' +e—i—p

4.2 : Wim(2) = R
(4.2) ko (2) T (¢) T (¢ — 2p)
r—kd+m L 4+e—i— x
% fe—-»’:-x g u—3/2 W, . (@) F, (~ = b g T l“'; _ f) dz,
S \ ¢, ¢—2u 7
0 .

R(c)>0, R(c—2u)>0.

On putting ¢ = pu and » = ty this takes the form

Wk,m (pu) =

Iv(,:l‘i_%_c—;-.-—‘/l') — ivu E
rorie—z ¢ @Y

w

X /0“‘" ()~ R W, () o F, <~

0

-k +mitte—A—p i
E Myt l;———)udt,

G, C_—‘Zlu P
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Substituting the above value of W ,, (pu) in

(4.3) @ (p) =p [ (pu)" " W (pu) b (w) du,

0

‘we obtain

0

s TG +e—1—uw :
e ki tmEE 7 02 - . ktme—-%
D(p) =1p o T2 /- exp (— pu) u h(u) du

0

—kdm fe—i—p t

1
P'd f ¢~ (fyg) ©HOR Wi (ut) 5 Fs (3 = ;o m) w dt .
0

e, ¢ —2u P

— .[_1 (}“"{‘ C—-«Z—M)’ ?7k+m+% tc~u—3/:
I'e)y I'(c —2u)
0

©

I fdtm,k+c—A—, t C o ewE tu
X oIy (* oy e ", »-—) d¢ / AR > 4 | (»- ’pu—%) W, (tw) h(w) du.

2 )

c,e—2u P
0

___F(‘lf + 0—7"“"‘2 pkﬂx—m}é jo—tu-2
I'{e) I'(c —2u)
0

L fkm, L e—2— t 1
X3F2<2 4 5+ ﬂ; *%),)w(t,p:c—}—k%—mmzlu—§>dt.

¢, ¢—2u

The change of the order of integration is permissible by virtue of de la Vallée
Poussin’s theorem [1, p. 504] when the generalised Laplace transforrs of the
functions | 2 (t) | and | & ¢™* h (1) | exist and the resulting integral is convergent.

4.1 Corollary.
If

h (t) D (p)

k, m
and

©e” k(1) ==y (p, @:0),
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then

Ebomb b ]) —k t
(44) ¢ (p) - y4 5 +m )

-l HE A F1( y
I'(e Z,u] ¢c—2pu P

% pp + tie + k 4+ m—2u—1)
p -+t

di,

provided that the integral is convergent, R (¢ — 2u) >0, R (p)>0.
1
For 2 + u =5, (4.1) reduces to (4.4).

~ (4.4) was given by Raruie [6, p. 132] in a slightly different form.

5. Theorem 4.

If
v
7 s
vl I, m ()
and
242 v
e 1T h(t?) ==y (p, a:0),
, ¥
then

2pee+mAl P oy —1 4 2¢)
I"(2¢)y I' (2¢ + 2v)

X p{t, p:2k 4 2m -+ 2¢) dt,

provided that the generalized Laplace transform of |k (t)|and |t ¢™** b (12)

297

exist and the integral is convergent, KB (¢) >0, R(¢c + ) >0 and R (p)>>0.
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Proof.

We have, SHANKER [4, p. 454]

- 1 2=k My —1 4+ 200,
5.2 w : <“ 2> = = i g“iPt )27:
(5.2) Wemls P T 30) I (e - 2) 7
X[G"E'" wrEL A, (u)

0

j 1 : 2
. =Tk 4+ m, F+ ¢+ _:1_).(,,,,[)’%_%_ e i(”"’[), u?

X4 4 1 ' L1 ? 2 du?
¢tk e, ey 1 2

el

]

where R {(¢)>0 and R(¢c +»)>0.

Replacing ¢ by \/ 2pax, u by @t in (5.2) subsituting for Wim (P2 a®) in

D (p?) = 2p° ffz (p2 )™= e ¥ WL (pRa) b (a?) de,

0

and changing the order of integration which can easily be seen to be permis-
sible under the conditions stated with the theorem, we obtain the result.
5.1 Corollary.

1
When | + » = 3 the theorem takes the following form.
If
v
k(1) e =& (p)
and
e R () =y (p, o o),
then
27)2k+2m+1 .

=4 2y _._. - 2c—2
(5.3) @) = 20 [

0

ek 4+m 12
% 0F2<ac cEN 42?)1,,“,, p 2k +2m + 20) i,
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provided that the generalized Laplace transtorm of | & (¢) | and Laplace tran-
storm of | t° e I (12) oral is convergent, R (¢) > 0, R (p) >0.

The author is grateful to Dr. C. B. Rarmre for his helpful suggestions and
interest in the preparation of this paper.
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