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On the Type

of Integral Functions Represented by Dirichlet Series.

1. —~ Let f(s) = a, ¢’*s be an integral function, where s = o - it

fi==]

0<4h<Ah<.., limi, = co and lim sup (log n)/An =0. Let o, and o,

i CO RNy O

denote the abscissa of convergence and the abscissa of absolute convergence,
respectively, of f(s). If o, = o, = oo, f(s) defines an integral function.

In this paper we shall obtain the relations between two or more integral
functions and study the relations between their types. The results are given
in the form of theorems.

K

2. — Theorem 1. Let f(s) = zal,n et and f(s) = Zaz’n ¢ *en be
=1 Y

integral functions of the same finite non-zevo linear order ¢, finite non-zoro types
T, and Ty, lower types t, and t, respectively and Lim sup{ (log n)//ll,,,} =0.

[ee]
Then the function f(s) = Sa, e n, where
=]

(1) Z’l,n ~ 2.2’,1 ~ ;"n )

(i) ]~V T, |,

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
Lucknow, India.
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is an integral function such that

2.1) T <A T, T,

provided f(s) is of linear order o and type T. Further, if

(111) }-1,1; ~ ;*1,11-%1 )
X logla, ,/00 oo log | a, ,/a . R
@iv) =t 1! Lt | 08 tenl e by non-decreasing functions of n for large n,
/‘1,n+1 - /‘1,‘21 R 0 ;'2,71
then
(2.2) t=>Vits,

were the function f(s) is of linear order o and linear lower type t.

14

Proof. The integral function g(s) = 3b, ¢, where lim sup{ (log p)/

p=1 P>

|Ap } = 0, is of finite non-zero linear order p and type 7', if and onlyif ([3], p- 72)

(2.3) lim sup{ (L/e0) | b, |?* } =T

p—>

Using (2.3) for the functions f,(s) and f,(s), we get for sufficiently large =
and ¢ >0

(Anfe0) | @y,n |2 < Ty + & (Aufo0) | @y [P < Ty + ¢,
since Ao ~Aen ~ s
Again, T; and T, are finite, therefore,
(2.4) (ufeo) |V @rn] | @an| [P < VLT, + o0(1).

Now we know the following lemma ([1]).
If f(#) ~ g(z) as @ — oo, then for any finite constant K and # >0

{1t} ~{ gt }"=.

Since

|an| ~| V[ asall @aall s
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therefore,

95 A '.

(2.5) | o ~ |V [ @y [ as,a]] 2.

Now (2.1) follows, on using (2.4) and (2.5).
Again, we know that ([2])

(2.6) lim inf{ (2,/e0) | b, |[*"» } =1,

P>

where ¢ is the linear lower type of g(s), provided lim sup { (log )y} =0,
Py 3 5

IOg ! bp/br+1 {
Fpir — Ay
Therefore, using (2.6) for the functions f,(s) and f,(s), we can similarly de-

duce that ¢t > \/ff-li:

Ay~ 2, and is a non-decreasing function of p for large p.

Corollary 1. For m =1,2,..., pletfu(s) = > a,,, ¢”m» denotes an
n=1

integral function of finite non-zero linear type 7, lower type ¢, order o and

!

lim sup { (log n) [Amn}=0. Then the function f(s) =3 a, ¢ *s, where A, , ~ A,
n—>w n=1

and | a,| ~| V] @y || @on|-|tsa|], is an integral function such that 7 <
< \1/)"’1’11’2 ... T, provided f(s) is of linear order o and type 7. Further, if
A~ Ao i1 A0A{ 108 | G s s | 1 { Pomy s = A }is a non- decreasing function

of n for large n, then > \p/zltz ... t,, where the function f(s) is of linear order
o and lower type t.

Corollary 2. If in Corollary 1, we take the integral functions f,(s)
to be of perfectly linear regular growth, then f(s) is an integral function of
perfectly linear regular growth such that 7' == V4 r7r,..1T,.

Theorem 2. Let fi(s) =3 a,, ¢ and fofs) = > a,  ¢2n be integral
n==1 ==l

functions of finite now-zevo linear regular growths oy, s, types Ty, T, lower

. S . og lay /ey,
types b, t, respectively and (i) lim sup{ (log n)/A;, } =0, (i) ——}i—-‘—wl—lwl—;i—l—«l ,
7> 0 1,417 Mn
log | Gy /s gt 1 |
/:2,n+1“ 7’-2,11

«©
f(s) =S a, ¢’ , where
=1

be non-decreasing functions of n for large n. Then the function

! a’n[ Nl al,n I l a’z,n iy }”n ~ Z-l,n ~ /1‘2,71 ~ ;”n+17
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is an integral function of regular growih such that

(2.7) o= + o,

o CRCICH

where o ==17g, og =1/py, ot =1/p, and g, T,  are wvespectively the Unear
order, type and lower type of f(s).

Proof: For an integral function g(s) = > b, ¢*», where lim sup{ (log p)/
) Pl

P>CO

/Z,,} =0 to be of finite linear order p, it is necessary and sufficient that
([8], ». 69)

(2.10) lim ing S0,

Pp—r ;'z) IOg )'21
Further, if g(s) is of linear regular growth, (2.10) reduces to

2.11) fim S W)y,

prw  Ap lOg A,
Thus, using (2.11) for the functions fi(s) and f,(s), we obtain

0 log (1/ |ay,» 1)
im =

log (1/] .
! =1/g,, tim 21t )
Nn—rco "-l,n log }'l,n

" - — 1/9,, .
n—ro /‘2,11 log /‘~2,n
Therefore,

. log (1] a, )
lim————

now  Anlog A,

= (1/91) + (1/92) )

since | @, | ~| ay,n || @on| and 2, ~ Ayn ~ As,, . Thus f(s) is an integral function
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of regular growth g such that
1je = A/ex) + (/e2) -

Again, |a,| ~|ay,||@n.|and 2, ~ A, ~ A, . Therefore, using the lemma
([1]), we have

Z,\I I a, ll//’.” ~ zix'*‘c‘”( ] A1 ] ] a

2,1

l )1[}':1

< (1 + e)in l Ay n lllll’n X Az l e,n ‘11';-2,,;] y €>0.

1,n 2,1

Hence, using (2.3) and taking limit on both the sides as n — co, we get

(T)“ <T1>al (T‘-’)M
=)o = -4
o oy oy

Similarly, it can be shown that

=

Corollary 1. For m =1, 2, ..., p, let fu(s) =3 @, ¢ mn» denotes

n=1

an integral function of finite non-zero linear regular growth g,,, type 1, lower

100 am 7 a’m % : 3 3
type t,, such that M—- +1l is a non-decreasing function of » for large

/~1n,7p +1 /*m,n

=]

n and lim sup { (log n)/A, . } = 0. Then the function f(s) = ¥ a,e** , where

n—»co Ne==1

I Oy I Nl al,n i l az,nl ] a’p,n] » An ~ Zm,n ~ }‘n+1 5
is an integral function of linear regular growth such that

!

O == 0 + 0 F ... + o,

<T>a (Tl)“x<T2 N (T
) <2 ) I =R
& &y %z Gy
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T\ 1y \®1 [, \%= tp \*
=l
o oy \ota Oy

where « =1[g, o, =1]p, and g, T, t ure respectively the linear order type
and lower types of f(s).

and

Corollary 2. Ifinthe above corollary all the functions are of perfectly
linear regular growth, then so is f(s) and

& =GN E -G

Theorem 3. Let fi(s) = 3 ayne™n and fyfs) = 3 a5, ¢"2n be integral
ne=l n=1

functions of finite non-zero linear vegular growths oy, o., types Ty, T, and lower
types by, &, respectively such that

) lim sup{ (log n)[Agn } =0,
(i) Pan ~ D iy
(iif) 1og| @ypftinia] 108 | GonfOzni | be non-decreasing functions of n and n large.

- ’
2apir = Ain Aoty = Ao m

Then the function
@
f(s) = za’n e*n 3
ne=1
where
lau| ~lagallaen]; A ~dn ~Aa

18 an inlegral function of regular growth such that

e
ey <

(2.12) (_t)“ <

X4
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where o =1[gy oy = 1[0y, @y = 1], and g, T, © are respectively the linear order,
type and lower type of f(s).

Proof: We know that for non-negative functions f(z) and g()

lim f(#) x lim g(=)

@{f(w)-g(w)}<x o <Iim{f@)-g(=) }.
e © lm f(2) X lim g(w) =7

Since | an| ~|ayn|| .| and 1, ~ Ai,n ~ Ay n, therefore,

Hm A3, | ayn [Pan 5 1 235, | a , [P

n—>ro n—reo L
l.i.IQ{ﬂﬁ | @ [/ }< < lim {}»:, @, [t }
e li@ )“T:n l Ay, 11/21’" X h_n-l. )‘::n l (lg’n "/;'3.11 [asaed

A= n-r

The results follow from the above inequalities, because the limits exist due to
(2.3) and (2.6).

Theorem 4. The imtegral functions fi(s) == >y, e*un and  fo(s) =

o N1

=day, e*un are of the same finite non-zero perfectly linear regulay growth if, and
n=1
only if,
log Lol o{ 2y 5)
'_ 1 H
© g, | "

for large n, provided

(1) fi(8) and f,(s) are of the same finite non-zero linear order 0,

(i) ' lim sup { (log #)/2, } =0,
(ﬁ.i) Zl,'n ~ '12,11 ~ }’2,11—{-1
and

log | aynfay wes| log]| @y G 1 |

(iv) »

are non-decreasing functions of n for large n.

;*1,n+1 - )‘l,n }*2,n+1 - ’12,11
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Proof: If the given functions f,(s) and f.(s) be each of finite perfectly
linear regular growth 7', we have on using (2.3) and (2.6)

(13) W {(hpfoq) | @y |0} = T = Um{ (%, ufe0) | o [0 }.

NP

Therefore,

lilﬂ{ (Q/Al’n)(log l A1, n ' — 10g ] o,n ’) } =0 ’

"l

gince

)*1'11 ~ 22,12 .
Hence
(2.14) Jog el _ 0(2.0)

7| asn |

for large n. Further, if f,(s) and fy(s) be of finite perfectly linear regular growths
T, and T, respectively, we get on using (2.13)

log Ty —log T, = lim{ (o/A)(l0g | @y | —log|aga|) } =0,

>

if (2.14) holds. Hence 7 == T,.

In conclusion I offer my grateful thanks to Dr. 8. X. Bosg for his kind help
in the preparation of this paper.
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