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O.P. VARSHNEY (%

On a Relation Between Harmonic Summability

and Lebesgue Summability. (#+)

1. — An infinite series ) a, is defined to be LEBESGUE summable (shortly
1

L-summable)-to the sum s, if the sine series

@ sin nt

(1.1) 2 O — = F(1)

1

is convergent in some interval —r<<t<<t; and if
(1.2) ’ LR -8 as  t—0.

The method is not regular ([1], p. 89). Let us write

n

¥ (nt+k B gk
(13) An — 2 a'nd Sn - z 'An—-—v a/v M
1

=]

The series D a, is said to be summable (C, k) for some % >0 to the sum s, if
1
%

Sﬂ ‘
(1.4) lim ~5 == s (11, p. 97).

e A
L=e]

The series > a, with partial sums s, = a; + @, + ... - a, is said to be harm-
1

(*) Indirizzo: 5 Meerut Road, Roorkee, India.
(**) Ricevuto: 21-XTII-1964.
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onic summable [38] to the sum s, if ¢, —s as n — oo, Where

Sy $1PaaF S Puat T8 Py 1

= logn logn

(1.5) [

We write P, = Py -+ P12 -+ ... + P, 50 that P, ~log n.

Orro SzAsz [4] has proved that if 3 a, is summable (C, 1—a) for some pos-
1

itive o<C1, and if

7

S [ 0w oo,
1 )

[~
then the series Y a, is T-summable.
1
The object of this paper is to prove an analogous theorem for harmonic

summability. We prove

o«

Theorem. If > a, is harmonic summable and if
1

(1.6) On =2 |8,—8,_|=0(ogn) as n-—o0,
1

then the series D @, is Li-sumanable.
1
We may assume, without any loss of generality, that S, == o(log n) as
e b
n — co. Let W, =3 —, where b, =8,—8,_,. By ABer’s transformation,

v=n

s bn + bn+1 ’&‘ ‘Jl' bv

Vo 2 " D)
® 8, — 8 2 logw
_2.1 o + 1) [2 v + 1)]’
hence '
@.7) W, = o((log n)/n) .

This gives

(1.8) S W, =0 Wt + S,= o(logn) .
1
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2, - We set

(2.1) (Po+Pr@ oo +pm L)~ o . - C,a® 4 ...

We have from (1.5)

w

(2.2) 28wt~ a, avt Y Py ar ~ (3 a4, 1) (1 — @)y (3 p, z*)
NBe=} 1 n=0 1

o

and therefore

(2.3) et ~ Q=) (X 8u a N e ;0 & A e F 0y ),
=1

R ] n

from which we obtain

(24) @y = co (8, — Su1) + €1 (Sn1— Sna) + oo + Cng (Se— 81) + Gy S, .
It is known ([2], [5], [6]) that

(2.5) ¢, == 0(1/(nlog*n)),

(2.6) d, = ¢, + ¢, + ... +¢,=0(1/logn).

We require the following lemma for proving our theorem.

Lemma. The series
s sin (n 4 »)¢

(2() EOCnWwTv(t)
is absolutely convergent, and
(2.8) T,(t) = 0(1/(v t log 7)), T=[1/t], O0<i<l, »>1,
and
) bk l—cos (n +v— 1% t )
(2.9) ,go Cn g == 10g1}’ 0<t<l, »>1.

Absolute convergence of the series (2.7) follows from (2.5). To prove (2.8)
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and (2.9) we note that

sin {(n + )t sin(n - )t sin (n 4+ » 4+ 1)

(1 + )t =0t (r 2w 1)t

sin (w4 »)t — (0 v) {sin (0 + » + 1)t — sin (n4 »)t}

(n 4 ){n v + 1% !
hence
sin (n - »)t o /
(2.10) Lt O(1/v),
and
A 1 —cos(n +»— 1) o 1 —cos(n - »v— 1) 1 —cos (n 4 v)i
n 4 - n Loy I
1—cos (n +»-- 1)t + (n + ) {cos (n + v}t — cos (n -+ »— 1)t}
= (n - v} v 1)
2 sin® ((n 4+ v — 1)/2)t — 2(n + ») sin (#/2) sin (n +» — (1/2))t
- 4+ )+ v+ 1) ’
hence
i 1 —cos(n +»— 1) .
(2.11) a- . = 0(1?) .
Now
b sin (n - »)t L3 id .
Tv(t):—‘ Z Cn—“-'l——"T—: z + z “—“‘21 -—;—22,
n—0 (n 4 v)t n=0 T41
say. Using (2.6) and (2.10) we have
T sin (7 - 2)t

21 == z Cn

o (n 4 v)t

-1 sin (n 4+ »)i sin (v + »)t 1
= néod“ 4 (n 4 )t T (x +»t [vtlog J ’

and

Z*—“icnsm(n.Jrv)t:O[f: 1 1}:0[ 1 ]
= + v)t

i (n Frain logia vt vtlogr
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This proves (2.8). The proof of (2.9) is similar except that we use (2.11) in plaeé
of (2.10).

3. — Proof of the‘theorem. Employing (1.1) and (2.4) we have

I =
7(1 :El: n71 @, sin wt = z %~ sin ni ZI aes (8, — 8,_1)
hence
F i <« @
(3.1) —Q == z (8,—8,_1) > nte,_, sin nt,

n=yp

the interchange of summation is justified, as the double series is absolutely
convergent. In fact from (2.5)

=] ] =]
'S nte,_,sin nt| < <- > e
— ==0

E]

It ‘rema,ins to 'prove the convergence of
Zv‘l |8, — 8, .
Now employing (1.6) we have

=1 1
z”“IIS‘valh”' o‘+20 T
] logn izl logw N
-_o[n }+0[§—~—-V(V+I)J_0(1).

Thus all series in (3.1) are absolutely convergent, and

=1 P(t) = % (S, —8,_,) T,(1) .

Now, choose a positive number x and put n = [u 1],

<

28, —8,_) T,0) = (T + )8, — 8,_,) T,(2),

1 n-t1
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hence -
(3.2) z (S,,“‘ Sp-1) Ty(t) == 21 + 22 1

say. From (2.8) we have

22%0[ ] 3 m |8~ 5,

tlog

and from (1.6)

s sal =7 4 5 e,
~ 0[] + o[ ) offerr),
Hence ‘
(3.3) >, {n ?ﬁ;’f} = bi oo
Furthermore
2 = g (8,—8,_,) Tt g W,—W,.)» T,
= 12 W, {v D) — (v —1) T, _y(t) }— 0 W, 1y Tult)
- ?}E{f;ﬂ W, é c”——il—il W, 2:: ::—”71 {smt — m;’“_:; 7’_—; l)t} .
bpSew 5 [m_wp
; "; W, 21 , sinl(tu:—vr——i Ix . 1 — costé vi: ‘, sin (HM-:_’;— l)t__

gint bt 1 —cos(u-+v—1)1

—n W, o, T.0),

T ) u A
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hence
(3.4) 2i= gt @ gt T g, say

Using (1.8) and (2.6) we have

_ sint 2, = sin ¢ n _ logn) k
(3.5) P =~ gW,,g ¢, = Td’ 21 W,=o0 [long =logu o(l) .
Since

. sin (p + v — 1)
sint — —“‘L-l—j,—’v——l__ == 0(([,& + 'l’)tz) y
we have by (1.7) and (2.5)
. 1n IoucC, [ Sin(,u+v—l)t}”—
(pz——-t—ng%:,u—{w’v sin ¢ _———_—_——_u—{—v~1 P

“
hence
(3.6) @, = log®p - o(1),
and since
sint § — -————m——-———smu(” J: - D o,
we have
o=t w. 3 gl et
i 2 1 1

= 0[21: | W, 2:1 m]: o[nlogn -T—E—gz—r} ,

hence

3.7) : ps = plogu « o(1).
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Since |sin (u +v—1)¢ <1, we have by (L.7) and (2.5)

,_}ﬁl" ® sin (p + v — 1)t
W X T T
18 e e, |
:0[— W, -"—-]
- t?l 1‘21 14
18 logn 2 1 1 log*n
=0 251: 7 ,Zlyzlogzy}”o[t_jc'log?rJ’
hence
(3.8) @, =log®u - o(1),
and
1 —cost ® ® sin (u +v— 1)¢
po=— W, S g S
{12 & & [ =logn
:O[t_th” AR IJ:(’VE ~ }r—‘o(tlog‘ln),
1 0 1
hence
3.9 s = log?u - o(1).

Using (1.7) and (2.9), we have

. B S 1—cos{u +»— 1)
=S S, L

tnlogn

== Q [21: (log 1))10?'[] :0[——"> log 7 ],

hence
(3.10) Qs = wlog p - o(1).
Finally using (1.7) and (2.8) we obtain

@, =—n W, To(®) = o(log ») - O(1/(ntlog 7)) .
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hence

log
(3.11) P === o(l) .

Collecting (3.4) through (3.11) we obtain
(3.12) 3y =plogp - o(1),

which together with (3.2) and (3.3) gives

log u
=t P () = T < 0Q) 4+ plogu - o1) as t-—>0.
Consequently
log
1MWﬁWW<ﬂ'W%
i—>»0

u being arbitrarily large and O(1) indipendent of u, we get finally
tTrE(E) >0 as t->0.
This completes the proof of our theorem.

References.
[1] G. H. Harpy, Divergent Series, Clarendon Press, Oxford 1949.

2] K. 8. K. IveNGAR, A Tauberian theorem and its application to convergence of
Fourier series, Proc. Indian Acad. Sei. Sect. A 18 (1943), 81-87.

3] M. Riesz, Swr Véquivalence de certaines méthodes de sommation, Proe. London
Math. Soc. 22 (1924), 412-419.

[4] 0. Szisz, On Lebesgue summability and its generalization to iniegrals, Amer.
J. Math. 67 (1945), 387-396.

[5] O. P. VARSHNEY, On the relation between harmonic swmmability and summability
by Riesz means of certain type, Téhoku Math. J. 11 (1959), 20-24.

[6] O. P. VARSHNEY, On Tyengar’s Tauberian theovem for Nérlund summa-
bility, Tohoku Math. J. 16 (1964), 105-110.
Summary.

Otto Szdsz has obtained a set of sufficient conditions under which an infinite series
which is summable (C, 1 — ), 0 < a < 1, is also L-summable. Here the author obtains an
analogous relation between harmonic summability and Lebes gue summability.
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