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S.P.SiveH (%

Two Theorems

on Generalized Meijer-Laplace Transform. (**

1. — Generalizations of the LAPLACE transform

(.1) pls) = s [ f(t) dt,

0
have been given by various mathematicians, some of them are as follows:
(i) The Mrwrr transform [11] is

(1.2) pls) = s [ e (s)5% Wy (0) 10 .

0

(ii) The generalization due to Boas [2] is
1.3) pls) = [ g(s, ¥) f(2) az.
(]
(i) The generalization due to Varma [15] is

(1.4) p(s) = s [ ¢4 (st % W, (s1) F(0) .

(*) Address: Department of Mathematics, University of Illinois, Urbana, Illinois,

U.S.A.
(**) A part of the Thesis approved for the Ph.D. degree by the Banaras Hindu Univ-
ersity, India. — Received: June 27, 1964.
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Recently MaINrA [8] gave another generalization in the form
(1.5) pls) =5 [R (st)74% W, (s0) F(O)
0
called the generalized MEIJER-LAPLACE transform and is denoted symbolically
by

1 1
(p(s b+ 3 Ay m) = TV[f(t); k %5, Ay m],

1
where ¢|s: k -+ 3 Ay m) =@(s), while (1.1) is denoted by @(s) == f(1).

It is evident that (1.5) reduces to (1.2) if 1 =k, and to (1.4) if 1 = —m.
Further, if 1 =k =—m, (1.5) reduces to (1.1) due to the identity

TR Wy, e m(2) = e
The object of this paper is to extend certain results of LAPLACE transform

to this generalized MEIJER-LAPLACE transform. The results have been given
in the form of theorems, with various particular cases.

2. — First we obtain generalized METJER-LAPLACE transform of some func-
tions which will be needed in the subsequent investigations.

(a) Let f(@) =" ¢~

Then  gfs) = s [ ™" (st) =% W, (s1) ¢ e dt.

0

Now, using the integral due to GOLDSTEIN [6], namely
(2.1) fm"‘l g~ hreda gy (@) da =
0

I+ £ m) l+%+m,l+%——m_ Ly
Pl—Fk+1) Y-k 41 e ’

1
where R{1 ~}—§ — m) >0, R(*) +1>0 and |«|<1, and putting o? = a/s
in- (2.1), we find that

2 —_—
@.2) PO = T pbl— AT

v+ 1— 24 m) - ZFI{V t1l—2-tm . (&/S},
provided R(» +1-— 21 - m) >0, R(s +

@) >0 and |s|>]|ea].

() Ixla 4= b) = I'(a + b)-I'(a — b).
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(b) Teb f(z) = t* J,(264/7).

Then g(s) =s [ %% (st)™* % W, 1y, (s1) 1 J,(284/7) dt .
o

Expanding J,(‘Z/}\/ ?) in ascending powers of ¢ and changing the order of
integration and summation, provided it is justified, with the help of (2.1), we
get

B Iy (e + 1+ (v2)— 4 £m)

9 = .
(2:3) PE) = B T DT+ (== 7=

. 7‘,u~}—(v/2)+1——}.im . .
ﬁz{ﬂ.—l, o+ 2) +1— x—k’_ﬂ/s}’

provided that R{u + (/2) +1— 4 +m) >0 and R(s) >0.
The inversion in the order of integration is justified since,

(i)  the infinite integral is absolutely and uniformly convergent when
R{w 414 (v/2)— A & m) >0 and R(s) > 0.

(ii) the infinite series is uniformly and absolutely convergent and
(iii) the resulting series is absolutely convergent.

It is possible to obtain the original of some functions, by interpretation
which can be expanded in descending powers of s.

(i) * Let (p(s):(g)» A (i.f)m.

= ! $

Then interpreting the right hand side term by term by the relation

1 v +1—7 +m)
2 p lv, A fuscand -
(2.4) TV[i 3 kA 5 Ay m] ITwv—J2—1-+1) 5

where R(v — 4 +1 4-m) >0 and R(s) >0, we get

I'v—i—k+1) p—A—k1 1 a\*
2.5 -VV ¥ ; . . - ] —‘4"/3_
(2.3) [I’m('u 41— 2 4m) (oct) IF“{v—-Z.-{—l +m’ “t}’ k +2’ 2, m] (s) ¢

n—f2)—r

. _ [ave 1y @
(@) ¢ls) = s*J,(a/v/5) = (g) ZATA+r 7
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Then interpreting term by term, with the help of (2.4) we get

: @ D((»2) — pp— A —F 4 1) to/2—n R2)—p—2—k+1
2 (v2) —p—A+Ll+m) P+ D o) —p— 21 m,p 17

1
k +§’ l, 77?/]

e

(2.6) ‘ = s" J (ar/$),

provided that R((#/2) —pu~— A4 4+ 1 £ m) >0 and R(s) >0.

3. - Theorem 1. If

(3.1) W[t” o +§, i, m} — o(s),
and
(3.2) W[g(t); ¥4, W, m’] — 1(s),
then
(3.3) pls) = [ gu) plu, 5) dz,

;
where

(3.4) P, 5) =

1 o 'u,/}.—{—m, 1»+v——l’——7c’
PR S WL RO LS R L I RN 7 L

provided that R(v— A— ') + 2 >|R(m)| + | R(m') | and g(t) is a continuous
function for 1 >0, R(s) >0, the generalized Meijer-Laplace transform of
[ 1(8) | and | g(t)| ewist and (3.3) converge absolutely.

Proof. From (1.5), we have
(3.5) pls) = s [ (s1) 4% Wy (50) 2 f(0) dt
’ 0
and

(3.6) 1) = 1 [ o5 ut) ™% Wy, g e () () da
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Substituting the value of f(f) from (3.6) in (3.5) and changing the order of
integration, provided it is justified, we get

(3.7 ¢ls) —_:s“’"‘”éfu“’*'—% gu) Uz“-A—ﬂf g~ DL T Yoom (o TR () g,

1] 4]

Evaluating the integral by a known formula [5], we get

#ls) = [gtu) plu, 9) da,

where w(u, s) "

; | 7 ./
- ,uu1+1 }§§<fﬁ I i‘ i :n_’_ liu’n‘;}:ym_’_, Al ; ;i) . This proves the Theorem.

The inversion in the order of integration is easily justifiable as in (3.7) the
{-integral converges absolutely and uniformly if R(s) >s,>0 and R(y— 1—
— ) +2>|R(m)| +|R(m')|. The wu-integral converges absolutely and
uniformly due to the existence of the generalised MEIJER-LAPLACE transform
of | g(t)] and the repeated integral converges absolutely due to the absolute
convergence of (3.3). Thus the inversion in the order of integration is justified
by DE LA VALLEE Poussin’s Theorem [38].

Corollaries :
@ If v=0, A=k=—m and X =k =—m', we get o« result in
Laplace transform [9].
. . S g(w) du .
If g(s) == f(t) and f(s) == ¢g(t), then @(s) =s /———1;)—2, under Ssut-

e J (s 4
table conditions. o -

(i) If 2 =k, we get a result due to Mehra [10].

1 1
If TV[#’ ft); k + 3 m:' = @(s), and Wl:g(t); A 5 ’m] = f(s), then

os) = [ gw) plu, s) do,

ulk “4m, 1 +v—2k’)

1 22
where p(u, §) = urFl G“(; L +v—F +wm', 2k
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() If v=0, A=k =—m and }' =k, the theorem reduces to a result
due to Jaiswal. [T].

If p(s) =f{t) and W[g(t); E+ %, m] = f(s), then

ols) = [g(u) plu, ) da,

sly(v—Fk = m) 2—k 4+ m
where w(u, S) = m ZFl{ 9 _ ok i S/’ll}.

(iv) If v =0, ¥V =k =—m' and A =k, we get a result due 7o
Bhonsle [1]. S

If W[f(t); k +%, m] =gps) and ]‘(S) = ¢(t), then

p(s) = fg(u) plu, s) day

0

I'2—=% 4+ m) 2—k+m
where ‘Z/)(u, S) = m ZFI{ 9 _ o y H/S}.

4. - Theorem 2 If

1,
(4.1) W[f(t); s 4 m] = (s)
and
1 —
(.2) Wlaws b+ 5 2 m] =/ ),
then
2 ] ! \/_ 2 o
(4.3) (ps.k—y—é,l,m = Siaw = Wity (8% 4),27»—,— 24, 2m|,

provided R(s) > 0. The generalised Meijer-Laplace transform of | g(t)|
exists and (4.3) converges absolutely.

Proof. From (1.5) we have

S):sf ot (st) T W, L, (88 (1) A1
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and
\/s f(1/s) —sfe es gy Y Wit 3. (5%) g(@) dow
On writing ¢ for 1/s, we get

flt) = 7% [ e @) TF R W,y L () 9(@) e

0

Therefore,

Sf —lhst (st) — i ch+%’m(st) dt % fe—‘,éx/t nfk+%’m(w/t) g(x) de
P 0

Changing the order of integration, provided it is justified, we get

p(s) = sf(sx % g(w) ,:ft"’/z eTREHAN T @) Wiy w(st) dt] da.
0 .

Evaluating the integral by a known result [5], namely

foo % exp[ — 1{(z/x) + (Bl@) }] W, (@f0) W, (B/x) dw

0

= ’\/3Tz ¥k (“.3)1/4 exp (— ﬁ/‘x)}/2 W2k-——%,2m(2 ‘\//—3_/&);
where R{e) >0 and R({f) >0, we find that

p(s) =s f(n‘?t)"l"l/2 g(t) A/ 257 (1s) Ut o=Vt Wk 41,2m(24/5 1) dt,
; .
provided R(s) >0 and R(x) > 0. On writing s* for s and ¢*/4 for ¢, we get
- ] 1
ols?) = 5-3?/23;; W[t 9(EMR); 28 + 5, 22, 2m].

The inversion in the order of integration is justified by DE LA VALLEE Pous-
siN’s Theorem [8], under the conditions stated in the theorem.

Corollaries:
(i) If A=k =—m, we get a result in Laplace transform [9].

If p(s)=ft) and I'(s) f(1js) = g(t), then

§%) == (\/7[2) t g(£°/4).
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(i) If A=—m and k + % =K', we arrive at the following [12].
If g(s: &, m) = WI[flt); ¥, m] and 4/sf(1js) = Wlg(t); &', m], then
@ls?: (K2) 4 (1/4), m2) = W[y/= 2*"‘%"““‘"' tg(t%4) ; k', m].

(iiiy If A =k, we get the foliowing result due to Mehra [10]
Ifw [f(t); [ - m:] = q(s) and W[g(t); k -;~%, m] =4/5 f(1/s), then
#5%) = [g(@) pla, 5) dz,
0
where (e, $) ::\/;;_572 {1/@28)% } [w* 90 c~9ﬁ W s1.0m (28 /)]

Tor illustrating the theorem, the following example is worth mention.

Let f(t) = t*J,(2f 4/1). Then by (2.3), we have

B Tip + (v/2) + 1 — 2 L m) L+ @2)y—4A4+1+£m .
g , Be/st,

) = G0 P 1) Pt 15 0 — 2 — B L, pek (f2) +1—2— &

where R(u -~ (#/2) +1— A4 m)>0 and R(s) >0. Also, 4/5 f(1/s)==s"*#-
+ J (2B/4/5), With the help of (2.6), we have

1
B Dlut 0f2) 5 — 2 — k)
- e,

A5 fdfs) =W ;
Tefp 4 (0f2) + 5~ A Em) v + 1)

provided R (,u + (v2) +-—1 4 m) >0 and R(s) >0. Hence, by Theorem 2

2k 22+1

1 1
W[t g@2/4y; 2k + 3 22, Qm] = (~——’\/—_~) (p[szi k -+ 5 A, m].
T 4
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The left hand side is

1
W[t g(©/d); 2k 5, 21, Qm]

, 1
ﬂ,p(ﬂ+(v/2)+;*7~"""'> o
5 [e7R ()T Wiy, olst)-

PX<,u + (v/2) +%— A+ 'm,) I'v 4 1) o

1
A 02— 2=k 5

t2u+v
: Semto—y '8 i 1 HEns ﬁz 13/4 ¢ di
v 1, u 4+ (»/2) + r Ltm

’ 1
sl2ut+) /31' I’(H -+ ('))/2) ey ]G)
2 ‘e—‘/gu u—"/ Yo top+v

] <
22p+¥—1 Py L 1) Ty, (,u + (v/2) + 5 A+ m> )

1
u+ v 5= A=k
s —Puf4s® ) da.

) IV'zk-(uyz,gm(u) oI 1
vy 41, ,u—{-v—;—;——). 4+ m

Evaluating the integral by a known result [14], namely

I

mm — Y l m I(xl, ee sy Oy < a2l A
o.“ k+/z; b Glﬁl, s 50 ) @
5= 7)
~ - m .
B 2 dps e s %po(1/2) (1/4) & (m/2), (1/2) +(3/4) = (m/2) 4a2}
- l s
2

rx(
N S F . ;

(l PR ,G> PEETORE B s Bas (U2)H(1/4) — (R[2), (U2) + (3/4) — (K/2)
under a set of conditions, we get

B (,u-rl L2y~ A — k) L2u-Fy-+1 — 24 L 2m)

1
W[t gt2/4); 2k 4+ 5 22, Qm] —
Dy 4+ 1) I'y (,u + (/2) + 5— A+ m) 22 +r=1

s—@u+¥ (2 +1—1+m . .
T@u +v—24+1—26)" v+ 1, u+1 4+ (2) —i—k ~—ﬂ/s ’
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provided that R(2u -+ v—21 -1 4 2m) > 0. By Duplication Formula [18]
we find that

1
W[t g(t®/4); 2k 3 27, 27}1} ==

P e+ (#/2) + 1 — 4 & m) 222441 pA(vf2) — A4ldm
Tt Ty + Dl + 1+ (#2) — A —klWa 't el pb(0f2) — Ak+17

i

1 v 1 1 [2) —
AlSO; (}7[822 k ‘1‘“ § 3 Z’ 'm:l == ﬁ I‘x(ﬂ - - (1/ ) ~ + 7n) .

seP o+ )M+ 1+ (02) — A— )

. ' w14 (»2)y—21+m . .
2F2{v+],,u-—,’—l—{-(1'/2)—~2.——k’—ﬂ/8 )

Thus the Theorem is illustrated.

This Theorem can be used to evaluate certain infinite integrals.

At the end, the author wishes to express his thanks to Dr. BRIy MoHAN,
Professor and Head, Department of Mathematics, Banaras Hindu University,
for his able guidance and help. ‘
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