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On Entire and Meromorphic Functions. (%%

§ 1. - Theorems.

Let F(z) be a meromorphic function of order g (0 << o << + 0) and let

| F'(r e®) | .
n//{l e 1} rarao.

Then it is known that [1] T(r, F) = T(r), the NEVANLINNA characteristic function
of F(z), is given by

T(r) = [ {8/} dt,

(see L. V. AHLFORS [2]).
It is easy to observe that T'(r) is an increasing convex function of log 7.

Theorem 1. Let f(z) be an entire function of order o with genus p. Let

No(r) =P f {n(x)/wr+1} de, Q,(r) = rett J‘ {n(w)/azr+e} do .
Then

lim sup {V,(1)/Q,")} = {(p +1—0)/(e—P)} -

> 0

If we take p = 0, the result of R. P. Boas [3] follows as a particular case.

(*) Indirizzo: Department of Mathematics, University of Vienna, Vienna, Austria.
(**) Ricevuto: 5-XII-1967.
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Theorem 2. ZLet F2) be a meromorphic function of non integral order 0
with genus p.
Then
N, @) 4 N(r, b)

lim sup 0. ) >l +p—p

for all @ and b (a 5= b; O<]a]< + 00, 0| D] < + o0).
The result of 8. K. Sivem [4] follows as a particular case if we take p =0.

Theorem 3.

i) {T(m if cA>do
ey {S br)}‘i co<dl,

i) p S0P {7} {T@)}e  [oo ¢ >d
inf {S(b?)}d -_l ¢ < d,

T e

where a, b, ¢ and d are constants.
Above results improve the results of K. MANJANATHAIH [5].

Theorem 4. ILet

o Sup I(r)  } A4 L SUP S | O
0 g e = { B, T e e = {p.
> r—>
Then
D<Az, C > By,
(1)

o/ < (4/B){1 + log(C/D)} < (4O)(BD).

The result of HARI SHANKAR [6] follows as a particular case, if we put 4 = B,
C =D, p=11in (1).

-

Theorem 5. Let F(z) be a meromorphic function of order o and lower
order A. Then

lim sup ¥ {n(r, a;)r*"} > (¢—2) 2

r—> i=1

and

lim sup ¥ {n(r, )®"} > (¢g—2) o,

r—> 0 =1
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where o(r), A(r) are proximate order and lower proxzimate order respectively, with
respect to T(r, I).

Theorem 6. A meromorphic function is minimal type if and only if
Ny(r) = o(#?), provided N(r, 1) = o(r?).

And of mean type if and only if N (r) = O(?), provided N(r, 1)} = O(r?),
where N,(r) = N(r, 0) 4+ N(r, co).

Theorem 7. If F(z) is a meromorphic function of zero order such thai
I, F)y = 0(og7)?,
then

Ny(r) = O(log )7, Qu(r) = O(log 7)1 .

And conversly if

@:(7) = O(log 7)**,

then
T(r) = O(log 7)?, Ny(7) = O(log )7,
where
(1) =1 fw{%(t)/tz} at,  Ny(r) = fr {m(@)/3} at
and ’ o

0,(t) = n(t, 0) -F n(t, o).

§ 2. - Proof of Theorems.

2.1. « Proof of Theorem 1.

Leb

(2) lim sup {N,()/Q,()} = 4 .

7>

If p is an integer, 4 = oo, then theorem is trivially true. So we assume that o
is not an integer and A << co.
Then, for B > A we have

Ny(r) < @y(r) B,
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N () << B yr#t f {%(m)/wpﬂ} da
< By [ {(V () wr) [} A
< B 7-p+1[1\7ﬂ(m)/xp+1];o 4 Byrt1 f {N,,(m)/m?’“} e

<—BN,(r) + B+ [ (N (@)/ar+?} do .

[Because N, (r)r#+t -0, as r — co.]

Hence
1+ B) N(r)< B yr+a ‘F{N,,(:v)/wﬁﬂ do .
So: '
B = N {r)
U+ B s fw{N,,(w)/wT'“} dz
and T

5 (/ar) [ {3+ at
(3) - >0.
(L++ B)r / {Nﬂ(w)/xf’“} i

Now

To

Hence, integrating (3) from 7, to 7, we get

f {Np(t)/t"”} dt > K, Bl m

So
lim sup { N,,(?‘) p—ptitanfa +m} ~0.

o0
Hence
Nz,(’l') > K2 potitan/atn ,

log N, (7) p-+1-4 Bplogr
—— - o0(1).
log » 1+B logr

[ {lV,,(t)/tP“} dt > N ,(r,) f -t dl = {Nm(ro)/(p 7‘5)} >K.

[4]



[5] ON ENTIRE AND MEROMORPHIC FUNCTIOXNS 331

So, taking limit,

e=>(Bp +p +1)/1 +B), ie, o=>(4p +p +1)/1 + 4),
hence

1 —
A>&_~_€_
e—p

2.2, - Proof of Theorem 2.

Without any loss of generality we can take @ =0 and b = co. It is known
[1] that

Bz) = & ¢ {7751(2)/752(3)} ’

where ¢(2) is a polynomial of degree ¢ < p and =, , 7, are canonical products
of genera p at most.

We known [7] that
T, F)<<T(r, m) + T(r, m) + OQlogr + 79,

T(r, F)<log M(r, m) + log M(r, m) + O(log r + 17)

% (z, 0)rrtl "n(z, oo) rPHl
(o 7) Pt / (z - 7) 2Pl

T(r, F) < / dw -+ 0(») + O(log 7 -+ 19),
0

0

@

) r{n(@, 0) + n(x, oo)}rrit
T(r, Fy<< ,/ g
V]

do -+ O(r? 4 log 7).

Now let n{z, 0) + n(z, o) = n(z). So:

T(r, F)y<y? f {n(@)/wr+} do + rr f {n(@)/z**?} dz -+ O@r? + log 7),

T(ry F) < Ny(r) + @,(r) + O(r* +log7),

T(T} -F)/N'D(T) <1+ {Q,,(?’)/AT,,(T)} -+ 0(1) s

lim inf 20> F) 4 ! .
o N7 lim sup {V,(1/Qy ()}

22
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Now let

lim sup {N,(1)/Q,(r)} = 4 .
Hence

lim inf {2(s, TN, (M} <1 4-1/4,

but

A= +1—0)le—p).

So
Hm sup {N,(r)/T(r, F)} > AJ(1 + A) =1 + p— 0,

therefore

Noy(r, a) + N, (v, b)

lim sup

re> o

2.3. - Proof of Theorem 3.

i) We know

1 11 .
m sup log 7'(r) 3

sup log S(r) e

i inf logr inf logr 1"
o p—_
So
Ty >v* for 7>, T(r)<r?t® for r>r,,
hence
{T(ar)}e > (ar)t=s {86 1)} < (b r)te+o
So
{L(ar)}e/{8(b 7))} > K e+t -s,

Therefore

lim inf {T'(a #)}5/{8(b 1)}* = co if cA>dg.
Similarly

lim sup {T'(a 7)}¢/{S(b #)}¢ = 0 it cg<< dh.

> ™
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ii) Now
T >1e~* for a sequence of values of r — oo;

hence

{T(ar)}e > (ar)*®? for a sequence of values of » — co,

{8 r)}e < (br)rere for r >, .
So
{T(a (S0 )} > K 1=,
therefore
lim sup {Z'(a r)}/{SB r)}* = oo if ex>d.
Similarly
lim inf {T'(a )}¢/{S(D 7)}* =0 it e<d.

2.4. - Proof of Theorem 4.
i) It is
T) < (A + g9, S@#y > (D—¢g)r?, for r>=1,,
hence
T /8) < (A 4 e)/(D—&).
So
lim sup {T(r)/S(r)} < A4/D,

but we know
lim inf {T(r);8(#)} < 1/o <1/A <lim sup {Z(r)/8(r)} .

Therefore

Similarly
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So
D< B, as D<Bp by [8]

ii) We know [8]
D < Bo<{l --log (C/D)}D.
So
0/A < (D|B){1 + log (0/D)}(A4/D) < (40))(BD),
hence
/A< (4 C)/(BD).

2.5. - Proof of Theorem 5.

Let
lim sup zq: w1, a;) 7™M = K .
So A
i n(ry, a;) < (K -+ g) ¥ for » >,

and -

}q:N(T, a;) < (K + &) ™72, i‘N(r, a;) < (K + &) T(r, F)/A.

=1 i1
Therefore

i N, a)/T0, F)}<(K + e)/2.
But from [9]

(q—2) Tlr, B) <3 N(r, a;) + S0,

=1

where S(r) = O(log r— log T(r, F)), except over a set of values of » of finite
measure and S(r) = O(log r) for all » — co, when F(2) is of finite order and
8/ T(r) = o(1).

So

(—2<3 NG, a)/T(r, B} + o(1),

i=1

g—2<E/A, i e K> (q—2)A.

Similarly other part follows.
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2.6, - Proof of Theorem 6.

We know [10]
(g— 2)T(r, T) < N(r, @) + N(r, b) + N0, ¢) + Ologr).
Put @ =0, b =oco, ¢ =1, ¢ = 3. So
T(r, F)fre < {N(r, 0) + N(r, co)}fre + {N(r, 1)r} + o(1),
Ny =o() = D, Bt >0 as 1 -»oco,

provided N(r, 1)/r¢ -0 as r —oo.
Conversely let T(r, F)/1® —0 as 7 — oo, then

Nyr)re = {N(r, 0) + N(r, co)}/r < A{T(#))1*} -0 as r—oo.

Similarly other part follows.

2.7. - Proof of Theorem 7.

It is known [11]

Ni(r) < K T(r), Ny(r) < K, (log ),

80

N, (r) = O{log r)*.
Now

Ni(r2) > my(r) log 7,
therefore

n.(r) log 7 << Ny(r?) << A (log 1)?,

and

7,(r) = 0(log r)?-1.
But

Quir) =7 [ {7t &t <1 A [ {(log t)~/t%} dt .
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Then

Qulr) <r A [ {(log t)/t5yr-1 g=2+w=1t gy

But, log (¢/t') is a decreasing function. So

[log r\»—1 1
ui(r) <1 A( o ) {l — (p — Dri—w-v1

Hence

@u(r) = O(log 1)1,
and conversely, if

@1(r) = O(log r)»-1,
we prove

() = Olog r)» .
First of all

Q1) =7 f {nl(t)/tz} At 2= {r ny (1)} = n,(r) .

So

n(r) = Oflog )1,
but

Ny(r) < my(r) log 7,
hence

Ny(r) = O(log r)>.
Again

() < M) + Qulr),
$0
T(r) = O(log )7,
or
T Ny(r) <1 - {Qu(r) Ny (1)}

and as

Q)NL(r) =0, T(r) < Ny(r) for 1>,



[11]

Hence
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T() = O(log )7 .

Tinally I wish to thank Prof. Dr. HANS HornicH for his kind interest and
helpful criticism and « Govt of Austria » for awarding me as a scholarship.
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Summary.

Here we have proved the results connecting zeros and the mawimum function. The result
of K. Hanjanathail is generalised. We have also obtained the lower bound for
N,(1)/Q,(r) for entire functions of finile order, where

@

N,(7) = r? f {n(=) Jarii} da, Q,r) = W“f {n(x) fr e} das .
0

r






