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Kummer’s Transform of Two Variables. (¥

1. - Introduction.

The object of this paper is to define a new transform which we call Kum-
MER’s transform of two variables. An inversion formula and the uniqueness
theorem, for this transform will be given in n. 2 and n. 8 respectively. We
have also obtained some theorems for this transform. Particular cases of these
theorems give rise to known results given earlier by Bose [1].

A generalisation of the classical LAPLACE transform

@) o(p) =p [ et () dt

has been introduced by ErpELYI [3] in the form

@

I / Fo(o; B3 — pa) (pay’ (@) da,

2
(2) p(p) = Rk
where .F; denotes the KummER’s hypergeometric function and Rep >0;
when « = f and y = 0, (2) reduces to (1).

We define the KuMmMER's trasform in two variables by the integral relation

(o) ()
6) il D = parn P f f s B5— pa) ity 85 — ay) 1@, 9) do 4y,

(*) Indirizzo: Department of Mathematics, University of Jodhpur, Jodhpur,
Rajasthan, India.

(**) This paper was read at the 55th Indian Science Congress held at Varanasi. —
Ricevuto: 29-I1V-1968.
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which will be denoted by

P28, @ =——— f(’v, Y)s

ﬁ: 7>

when o = f3, y = ¢, then (3) reduces to the LAPLACE transform in two variables

0 00

(4) o(p, @) = pg [ [ e {(w, y) de dy
00
which will be denoted by

op, @ = flz, ¥).

2, = An Inversion Formula.

The following is the theorem which gives the solution of the integral
equation (3).

Theorem . If glw, y) be a function defined by

ctioo  ¢tiw

. 1 ’ =Ty~ dr ds
9@ 9) = G J Hy(1 —1) Hyl —s)’

c—io €;—ix

where
L L) Ile—r1) _ Ts) Iy~ s)
H{r) = —]’(/3—‘ "7—_) s Hy(s) = ——I’(é—-s) =
then
o dp d
(5) flz, y) = f f goz, @) olf: p, ) <,

provided that | g(z, y)| ewists and p~° q= @[f: p, q] € L(0, oo),

@ty f(z, y) € L(0, oo), c<Ref +1, a<Rey+1.
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Proof. Substituting the value of ¢[f: p, ¢] from (3), we have

[ [ q " glf: p, qldpdg =
1]

0

e s | T@) ()
:ffp q {ﬁ ffllfl(oc;ﬂ;wm) aly; 65 mqy)f(w,?)dwdy} dpdg,
6 0 [ ]

which, on changing the order of integration and simplification, yields

]’(;;j: fj "yt lffv,?/{ffu 7 Fy{ey By — w) 'y {y; 85 — ) dudv}da;dy.

Since the double integral in # and y and the double integral in % and v are
independent of each other, on evaluating # and v integrals, we find that

’ r—1,2—1 . ) ~r-1l,—81 (,D[f‘ T),QJ
fj "y e, y) de dy —U P T =) dp dq .
00

00

Applying MELLIN’S inversion formula and changing the order of integration
again, we obtain

et+im ¢ i

ﬂwy y) = 2 x YT .
| et —se1 olf: . q) S
l Jf p q T — ) I =) dp dq} dr ds =
o ¢
f G i eyf-im
?l/: p gl ()~ (qy J)“’ dr ds
{J [H:m J J T —n @ 1_)](129an
¢—ic ¢;—iw

or

Hz, y) :jj %g(m, qy) dp dq .



26 R. C. VYAS and R. K. SAXENA [4]

3. — We now prove the following

Lemma. If

co

(6) [ [ y* \Folo; B; — pa) Fuly; 6 — qy) fl@, y) dody =0,
0

0

where Re (p, q) >0, then f(x, y) = 0, provided that
(i) f(z, y) be a continuous function of z and y in x, y >0
(il) F(w, y)= O(@™ y*) for small » andy and Re(a, -+ 1) >0, Re(a,-+ 1) >0,

(iif) Re f >0, Re 6 > 0.

Proof. Multiplying (6) by

A1 \m
0—1 A0—1 Ginllx [4
Pt Btanth [(71) <“:“1>

A,
. q 2 1 \#2
Gl:+”ﬁ=, 22y [(Z) (b M)

and integrating with respect to p and ¢ between the limit 0 to co, we have

Ay, 1), Ay, o0 — Q)] .
A2y, B—0), 4(3, 1 —0)

A(;‘-Z: 1)’ A(}'23 i G)
A()-z, 6'—6)5 A(}'zs 1""6) ’

o« &

ffw y* {(z, ) ddeHpQ“ TFie; B3 —pw) ¢ 1 Faly; 85 — qy)
- P A 1 \#2
Wt |5 ()

or tta q 32[1 U
G Hf‘ﬂyz/’z [(Z) \b‘uz

A(ll’ 1)’ A(;‘l’ o — 9)] .
A(Z'll ﬁ— Q), A(;l [ 1— Q)

‘-/1(}‘2 ’ 1)’ A(}-z, Y= U)
Ay, 6—0), 4(2y, 1—0)

]dpdq:O,

on changing the order of integration which is justified because of the absolute
convergence of the integrals under the conditions given above.



[5] KUMMER'S TRANSFORM OF TWO VARIABLES 27

On evaluating the integrals with the help of SaxuxNa’s formula ([5], p. 40).

I(a) 'm,,_ - AWARY
f%?JSJt‘ V(e B —pt)Gr-!-s,Zs [(i_) (;s)

(7) §

A(T: 1)7 A(Ty % — Q) .
Alr, — @), A(r,1 — m] di=

e LT
- H

where 7<s, Ref>0, Rep >0, |arga|<((s—)/2)m.
On evaluating the ¢-integral, the last line reduces fo

ffm‘ y* duw dg/fp9’11F1(06§ B; — px)-
0 o

0

1
A1, 1
Gl:'!‘;lxy 22y [( > ((l/".l)

Again on evaluating the p-integral, (8) becomes

A2y, 1), Ay, x— o)
Ay, B—0), A(Ay, 1 — p)

<

]fzw, y) dody = 0.

o« w

(9) [ [ ot yr ooy emetli gmwilin gy dwdy =0,
00

where

hle, o) = {1 + O(Qj—,)} e, 9)

= { 140 (WTlllu"l)} {1 -0 <—by‘1=/#z>} fle, y) .

Now on setting

e I ]
(9) transforms into
© o
l;: /Z ff o~ aE—bn 5(;;1/1.1)(1+A)—1 77(;1,/22)(1—{-;;)——1 ]‘1(5”‘/1‘, 77;12/).,) ag d’)7: 0.
¢ 0
Now let

J' e gl b=1 ¢ (gmlhy ﬂz/lz) dé = p(n).
0
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Since the integral converges uniformly in y > 0, p(») is a continuous function
of #, we then have

fe—bn n(;tg/h)(1+[l)—-1 1/)(77) dn:: 0.
0
An application of Lercit’s theorem gives () = 0, i. e.

=3
f e~ gmlipa+h-1 fl(rf"‘/;", 77.!!5/’-:) dé =0,
0

sinee fy(&4/4, gpel%) is a continuous function of &, # therefore LmrcH’s theorem
again gives f,(£M/* g5¥l%) =0 or

ool

Hence (&M, piaty =0, i.e. f(@, y) = 0.
As a direct consequence of the above lemma, we obtain the following

Uniqueness Theorem. Let fi(z, y) and fy(z, y) be continuous functions
of both the variables in the range 2, y > 0 and

I
p(p, 9) mé filw, ¥)
and also
F
o(p, q) % By, 0 folz, ),
then
(10) flm, ¥) = fuz, ¥).

4. — In this section we establish some theorems for the transform defined
by (3).

Theorem 1. If

3

oDy Q) ﬁ‘é filz, ¥)
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and
PPy Q) ﬂ '}/ f(CG, Y)
then
A dw " ds dt
(1) ff% U, V) folty v (—f = j{ o8, B) fuls, Dl
0 b

provided the order of integration may be inverted.

Proof. We have

Jf @u(u, ©) folu, v ).qi‘ d_” —

F(;)F T00) fj fa(u, @)U ffl (8; D1 Fy(0; B3 — us) 1Fu(y; 65— vt) det}dudfu:
i () T'(y) ds di
= [ [as0s bérgfﬂn —muwmm—mmmmMM%;;=

_meSﬂnst§?

The change of the order of integration is justified provided that the double
integrals within brackets above are absolutely and uniformly convergent.
This means that

0(s) for small s

Re (&, +1) >0, Re (&, +1) >0, where fi(s, t) =
0@ for small ¢

and

O*y) for small u

Re ({; + 1) >0, Re ({,+ 1) >0, where fyu, v) ==
O(v*) for small ».

When « = f, y = 4, (11) reduces to Bosr’s result [1].
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Theorem 2. If

e, ¥) = hi@) 10y)

and
D) 25 1) ?2(0) =5 1)
then
r o ra
(12) (e, :’/)W oD, q) ﬂ‘,-m @dP) Q)

provided that the integrals are absolutely convergent.
The proof is trivial.

Example 1. If we take f(z, y)= " y*, then by virtue of the integral

o

_ Tla—o—1) T'(B) I'(g+1)
o - — 0
(13) fw Fy(a; f; — po) do — p LA
1]
we find that
o gt T pmﬂq_#r(a——z—l)r(y_ﬂ_l)r(7.+1)r(u+ 1) ’
% s y, 0 TB— 7+ )I(o—pu—1)

where Re(A -+1)>0, Re(u +1)>0, Re(p, ¢) > 0.

Example 2. Taking flz, y)=a"y" ¢"® " and using the relation

I'(e)/T(B) f e a® Fiy(os B — pr) de = L1+ o) (1 + 0, o; f;— (pfa)), We
see that

A i ,—ex—by F .
(14) Yy e @ B 7, 0 pe [+ 2) I'A+w)]

) 2F1<1 + A, a; ﬂ§—§>2F1(1 + V5 ‘55—%)7

where Re(d -+ 1) >0, Re(x + 1) >0, Re(p + a) >0, Re(g + b) >0. When
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o =f, y =6, results (5) and (6) give the wellknown results in the theory of
Larrace transform of two variables.

Theorem 3. If

_r
»ly 9 m flz, ),
then
5 P\ __r
(15) w(a, b) T e em by

provided that the integrals converge absolutely.

The proof is trivial.

Theorem 4. If

op, @) =1z, ¥),

then

(16) pllogp, logg) g I'(e) I'(y) [f Tf—s—1)I'(6—t—1)fs, t)ds dt

logp loggq o« B5 9, S DB I(S) )] Moe—s—1) Iy —t—1) I(s+1) I'(t+1)

Proof. We have

log », 1
¢ (log p. log q) jfp_‘q—‘f ) ds dt =————

“logp logg ﬂ Vs

_F ') T B—s—1)I(6—1t—1)f(s, t)ds dt
o B; v, 6 TP T F(y—t—l IF(e—s—1) (s +1) I¢+1)’

on using (13).

When o« = f, y = §, we get a result given by Bosk [1].
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