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Some Theorems on Operators. (**)

A bounded operator T defined on a HIuBERT space H is said to be
hyponormal if | T#z|| <|| Tz|| for any xe H. This definition has also an
equivalent form: We say that the operator T is hyponormal if T# T > TT*
The notion of hyponormality was introduced by HAraros [2].

A closed linear maniforld in the HILBERT space is called a subspace of H.
The set of all complex numbers 4 for which (T - AI)-! does not exist is called
the spectrum of T and is denoted by o(T).

An operator T defined on a HILBERT space H is said to be eompact (com-
pletely continuous) if it maps every bounded set into a compact set. In other
words an operator T is called completely continuous if there exists a sequence
of elements @, e H (|#.] = 1) such that {T@n} contains a convergent subseq-
uence. Recently another class of operators known as completely continuous
operators have been in prominence. The first fundamental result coneemmg
completely continuous hyponormal operators was proved by ANDO [1]. He
proved inter allia that a completely continuous hyponormal operator is necessar-

ily normal.
Here in this Note we prove certain results concerning hyponormal ope-

rators.

Theorem 1. Let T be a hyponormal operator defined on a Hilbert
space H and let M be a closed subspace of H such that

M={z: Te=ri, o+3},

then the subspace M will be spanned by eigen vectors of T.
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Proof. Let there be a vector @ not orthogonal to 3. We may express it
as @ = @, + @,, where @, = & € M and D, e H+. Hence 1P= AP, + 1D, =
=TQ = TP, + TP, and so T@,— AD, = IP,— TD,. Tt is easily verified
that A7 is invariant under T . Now, on account of invarviant property
of T, we have T®, € M and T®, e M. Now only the null element is common
between M and Mt. Hence TP, = AP, where @, @. Hence the result foliows
from Theorem 2 (cf. [3]).

Theorem 2. ZLet T be a hyponormal operator and M a set such that

M={z: | To|=|T*|, To=2a vecH},

where Ay y Ay y .oy Ao @re the eigen values of T. Further let 3 Xiw; =0 and 3 | w;| <<oo
1 f==1

imply that w; = w, = ... = 0. Then I is generated by eigen vectors of T.

Proof. TUnder the hypothesis of the Theorem, it is easy to see that M
is a closed subspace invariant under T and T*. It is also known that the eigen-
spaces corresponding to different eigenvalues are orthogonal. So any ze M

may be expressed as @ = > »; Where @, € Ny(A,)={w;: Tw, = 1, 2,}. Lety + I,
i=1

we write ¥ = > #n; and 5, € N (4;). Since Trxe M, n>0, we have

i=1
(T @, y)= z Ay, @) =0.
i=1
Putting (17;, @;) = w,;, we have Y A7 w;=0 where #>0. Now since
i=j
2 #i* < o0, 2l mill* < o0,
ie=1 i=1

we further have 3 | w; | << co. So it follows that (y, ;) =0 for ¢ =1, 2, ....
{21

It means that every z;e M and the conclusion of the theorem follows.
Theorem 3. Let T be a hyponormal operator and let

M, ={z: zcH, To= A @}
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where 2y oy ... are eigenvalues of T. Then o(T)==u o(T),), where T, den-
otes the restriction of T to M, .

Proof. Now M/ s are invariant under T. The subspaces if,;, 3, are mut-
ually orthogonal for ¢ »=j. The restriction of T to a[;, denoted by T, is
the mapping T, : M, — M, defined by Twix:: To. Let 1€ v o(T),).

Then, supposing T, = T— AI, we have

H T;.Lm $1“ :“ Tml > C” , “7 H T?.]Mg ) ::“ Tw? > ¢ Ty
and so on. Any x € H may be expressed in the form # = 3 «, where #;€ I/;
i1
(1 =1, 2, ...). Then
| T2ol=] 3 Doy @l =1 2 T = ¢ (Z] a9 = ] ],
i=1 i=1 =1

But this is indicative of the fact that 1 €' o(T). Hence the Theorem is proved.

It is known that if T is completely continuous then T* is also completely
continuous. But the converse relationship is not known. In the theorem given
below we have pointed out that under the hyponormality of T* and complete
continuity of T*, T is completely continuous. We state this elementary result
in the form of

Theorem 4. If T* is completely continuous hyponormal operator, then
T is completely continuous.

Proof. By definition of hyponormality, we have
” T(wn— wm) ” <H T\(mn'— mm)“ —0 ('m/7 B — OO),

where {w,} is any bounded sequence of elements x, € H, such that | z,| =1.

Theorem 5. If T is a hyponormal operator and A an isolated point in
the spectrum of T, then A belongs to the point spectrum of T.

Proof. Since A is an isolated point in the spectrum of T, we can find
a circle with centre A such that |u— A|=r is free from the points of o(T)
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except the point A which is inside the circle. Then

-
P 5 j (T— It du

le-=2f =r

is a projection which commutes with T and

1 1 1
[P <§z f [ T— - du < 2—;5275 Y= 1.
Thus P is self-adjoint. Now for w e PH, we have
L
| (T— AD)z|| = 5 J (u— )T — ) du | <r .

Letting r — 0, we have Ta = Az. It proves our assertion. It is also proved
by Stamrrr [4].
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