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Expansions of the Hypergeometric Functions
of Three Variables. (%)

Certain hypergeometric functions of three variables have been defined by
SArAN [2]. In a paper that has appeared in this journal [3], SArRAN has obtained
some integral representation of LAPLACE type for these hypergeometric functions.
The object of this paper is to derive some expansions involving these hyper-
geometric functions of three variables, with the help of the results given by
SArAN [8]. These expansions are the generalisations of the results for the Ap-
PELL’S hypergeometric function recently obtained by the author [1].

These expansions have been obtained in section B, with the help of the
three lemmas, obtained by the author [1], given in section A, about the trans-
form defined by the integral equation

(1.1) PaonmP) = [ €7DV ()P0 I () f(1)

0

Later on in section C, another recurrence relations for the AppELL’s hyp-
ergeometric functions, which are the particular cases of the results obtained
in section B, have also been obtained.

Here we shall denote f(¢) € ¢{o, p; o), if

o) for small ¢

ft) =
0(e** 19) for large t.
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Section A.

Lemma I. If

ft) € e(o, 0; &), Re(A+o0+m-+1)>0, Rep>Reg,
then
"z (—1yn 'y —k—m) I'm — k+n —r+ %) I'2m+1)
en | = T P —k—m— ) T@m+n+ 1) Don — k+3)

' 1/)2-}11,7:—5-,"«4-7, m+%n(p) = 1/)1, k, m(p) ¢

Lemma II. If

ft) e elo, o5 o), Re(A4+o+m+1)>0, Rep>Rea,
then

"z (—1yr-r rkd+mt+n—r+HI'm—k—n-+ 3 I'Cm+ 1)
2.2) oo er k+m+ 3 I@m+1—1)Im—k+ %) o

) 1/)).-*-%", k+n—ir, m—x}V(p) = 1)”1, k, m(p) M

r

Lemma IIT. If

f(t)eclo, 05 a), Re(A+o0+m+4+1)>0, Rep>Rea,
then

"z (— 1) n I'm—k+%—r+3HIT'm+k—n-+ ) I'2m-+1)
2.3) = o Irem—4+1—nIm+k+ 3 Fim—Fk+ %)

: ’P}.+§r, k-ntdr, m—1 r(p) = 7/))., ky m(p) .
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Section B.

In this section, we obtain some expansions for the hypergeometric function

of three variables, with the help of the lemmas given in section A.
I we take f(t) == e79 y,{b,; ¢, ¢5; ¥i, 2t), then it can be easily derived

from the SARAN’s result ([3], p. 134) that

'+ m +1) mal

Il/))., Iy m (7)) = am+Aitl y

.FEP +m A1, Amel, AmeRl, LRk m, by, b
1 4 2m, ¢, 033“£a :[ly f]

a [
valid for Re( +m +1)>0 and Re(p 4 a) > Re(\/y +4/2 ).

On using this value of Vs, 1, w(P) 0 the results (2.1), (2.2) and (2.3) respectively,
we get the following relations after malking suitable adjustment in parameters.

i (—1)yn I —by) I'(e, — by + n— ) I'(ey) .
= e I — by — 1) Dley -+ w) iy — by)
(3.1) 1
c Bl any ayy by Ay by, by oo Ry e, o @y Y, #]=

i1 . .
= Fla, ar, ay, by, by, by; 04, Coy G35 @y Y, z]y

. E,,: 1)y by + aw— ) Doy — b—n) I'iey) )
r=0 cr F(bl) F(Cl — '7‘) F(Cl _ b1)
3.2) 4§
. CFlayy ayy @y, by n—r, by by 01—y Gy 65 @, Y, 7] =

== ’g[a'ly @y, Gy by by, by 6y, 6y 33 @, z]

and
O e T
(3.3) s P ey, ay, an, bi—ny by, byy e — 1y €y Gy @, Yy 2] =
= F [y, @y Gy by byy by; 1y €y G5 @, ¥, 2] .

11
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Furd

Similarly if we take f(t) as et Eyb,, by; ¢o; ¥, 2t), et y(by, @, ¢, Cy;
@, &), €7 Dy(ay, bys ¢y, 22, y) and et Ey(a, , @, by, ¢,; ¥, 2t) and write 4, Band ¢
for the quantity

(1 —b) I'le; — by + 0 — ) I'(ey) (b, + n—v) I'(e, — by —n) T(e;)
I(1 by — 1) (e, + n) I'e, — by)’ I'(by) I'e, — 7) I'(c; — by) ’

Iley — by + o — ) I'(by — n) I'(e,)
Iley — 7) T(by) (e, — by) ’

respectively, then, by virtue of the results given by Sarax ([8], p- 134), we get
the followmg 1e1at10ns after making suitable adjustment in parameters:

n
E(—* 1) ln‘c,A'Fu[aly Ayy @y byt 7y by byy 00 + 0y €y €5 2, Y, 2] =
(3.4) ¢ ™°
= F[ay, ay, ay, by, by, bg; 1, €y Cs; @, Y, 2],
n
J z (— 1) R, B-Flay, ar, ay, by+n—r, by, by; e;— 1, s, 3 @, Y, 2] =
(3.5) r=0
:Fa[ala Ay, Gy by byy bg; 00y €, G @, ¥, z],

( z‘(—l)"_r P, C‘Fa[aly Qry @y, Dy~ 9y by by; 61—, Gy G @, ¥, z] =
(3.6) ¢« ™0

:Fg[alj @y, Ay byy byy by 0y 0y 0 z, Y, Z]a
n
>(—1y N AF [ty @y, ayy byy by 1y by, 0y € + 0y 55 @, Y, 2] =
3.7y & ™=°
L =F [a:, a1, ay, by, by, by; Coy C1y C35 @y Y, 2],
> (—1)mr T B-Ffas, @y, a5y boy by + n—1, by; C5 ¢,— 7, €53 @, y, 2] =
38) { ™
=Fylas, ar, @y, by, by, byy 0oy 01y 055 @, z],

n
> (—1)nr e C-F[ay, tyy gy by, by—n, by, ¢oy e1— 1y ¢33 @, y, 2] =
3.9) | =0

= 'K[az; Ayy @y boy by by; 0y 61y G z, Y, z]y
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n
3 (1) e AT by + 7y oy @y @y by @iio0p oy ey 3 @y Y, 2] =
(3.10)1 "=

= [by, ey, ag, any byy g ey ey, 0a; om, oy, 2],

L 2

n
E (—1 )T 'ncr ]))Fu[bl Ny gy Ay Ay, b‘ly Uy Cr—T¥,y Cay G T, U, :’i] =
(3.11)] ™=

= Fy by, gy @y, ayy byy a5 0y ey 005 @y Y, 2],

n
S (1) W, C-I [by—ny @y, @y, dyy by, @y 0-— 1y €, G @, Y, 2] =
(3.12)¢ =*

=F (b, oy ayy ayy byy agy ooy G, 5 a2y Y, 2],

ALY 4.5 H N T oa 8] o a -
(— 1y P A Fofby 1y @y, @y, gy by ty3 ¢ ity oy Gy o, Y, 7] =
(3.13) 7°

— . 2 e
=F.Jb, o,y ag, ay, by, a4 ¢y 0y, ;5 3, Y, 7],

%
STy e, B-F\[by 1m0y tyy gy tty, by y a5 €11y Coy Co5 0, Y, 2] =
(3.14)y =°

ni - e} i O .
:ﬁ4\'[b1a Aoy Ay, a1y byy @y ey o, G5 @, ¥, 2],

n
> (=1 We OB [by— 1, oy a5, @1y byy @y5 03— 1, Gy o5 2, ¥, 2] =
(3.15)] =°

=L [by @y, a5, ay, boy 15 €1y €y G5 @, ¥, 2]

Section C.

In this section, few interesting cases giving relations for the APPELL'S hyper-
geometric function have been given.

() If y -0, then F,, F, — F, and the results (3.1), (3.2), (3.3), (3.13),

(3.14) and (3.15) give us the following results obtained by the author [1].

’z‘ o T( =) Doy — by + 12— 1) D{ey)
— 1) n, )
T T — by — 1) D(e ) Dley— by)

(4.1)

"Fyay; by by oy ey 0 Fugoay Y] = Fofagy byy by, e, 05w, Y],
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[ i ( 1 )1z-7' by F(bl tr-n ]’((‘1 — bl ) F(ﬂl) .
(4.2) R (b)) T'e, — ) T'(¢, — by)
L B ans byy by oy ey e — 5wy y] = Bofays byy by, ey e50,9],
[ "z (— 1y a ey — by 4 v — 7y Dby — ») T'{e)) .
(£.3) o ‘ ' (e, — v) I'(by) D{e, — by)
“Bfag; bay bi—wy cyy o5 oy Y] = Fylag by by, ey, oy @ ]

(ii) On taking = =1, results (3.1), (3.2) and (3.3) give the following
recurrence relation for

7 . P
(er—by) Flay, ayy ayy byy byy byy ¢ 41, €0y 35 @, %, 2] +
(4.4) by Flay, ap, apy by 41, byy byy 0y 1, 00y ¢35 2, 4, 2] =
= Play, ay, ay, by, byy byy 0y, €2, 045 0, ¥, 2]

Similar recurrence relations can also be obtained for F,, F,, F, and F,,
when we take n = 1, in other results of Section B.

Iam grateful to Dr. K. C. SmarMA for his valuable guidance during the
preparation of this paper.
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Abstract.

The object of this paper is to obtain some ewpansions involving hypergeometric funclion
of three variables defined by Saran, which are the generalisation of the ewpansions for
the Appell’s hypergeometric function of two variables.



