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Integrals Involving MacRobert’s E-Functions

and Integral Function of Two Complex Variables. (+

1. - Introduction.

Let

2 anl. 712 n n
F(zn %) = z S A R
o By 1 !

be an integral function of two complex variables 2, and z,. Denote

M (r) = max |F(z,2)|
Inf 4]z =r

the maximum modulus of F(z, 2,).
DZRBASIAN ([1], . 257) has given the following definition of order:

The integral function F(z,, z,) is said to be of finite order p, if

(1.1) lim sup

loglog M (r
i_g.__!ﬂ =0 (0< o< o0).
r=>© logT

The obejct of this paper is to evaluate some new type of integrals invol-
ving integral functions of two complex variables of order g, based on the prop-
erties of MACROBERT’S F-function (*) and the Eulerian integral of the first
kind. The particular case when the integral function is of order one has also
been studied.

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
Lucknow, India.

(**) Ricevuto: 2-1X-1968.

(*) For definition and propertics of H-functions see MacRoBERT ([2], p. 352).
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2. — We shall use the following two integrals of RaTHIE ([3], p. 186):

/ vt IVI\'.m(t) w. Ic,m(t) E(p 3 Ongs /33 =y di
@2.1) | ¢
= (2m) e 2n)= R B {p + dn; op0q + 2n; B, 2 (2n)")
where n is a positive integer, |argz| <z, Re(y --m + 1) >0,
Uy, = (29 + ¥)[(20) (v=1,2, ..., 2n);
Lptants = (7 + m ,.._.:13_ + ?;)/?L » Kptgnti = (V —m _f]f -+ 7/)/?2 3

ﬁ(h"i = (')/ + k + 7;)/77' P ﬁa+n+i = ()/ —k + 7:)/72' )

(=1,2, ..., %)
and
[P By () Koy (8) B(p; 0atq; foiet=>n) i
(2.2) 1 ©

= N0 goH=n g1 Jily + dn; o« g +20; Bz n

where % is a positive integer, |argz|<zm, Re(d--u4»)>0,
Optitr = ()" + “m +v+ 7;)/%7 Hptntitr = (2' —u+v+ d)/ny
Lptontits = (A -+ w—v 4 7:)/'"/ y Xptantitl = ()- —u—v -+ Ii)/'n'a

(t=0,1,2,..,0—1);

Barsss = (27 + §)/(2n) (1=0,1,2,..,20n—1).

3. « Theorem 1.

Let [&;]# 0, |argé;| < 2% (j=1,2); and let

oo
Qn,, n,

Tz, #,) =

P
1 2
n,Ny=0 nl! ’)’L2!

be an integral function of two complex variables 2, and 2, of order p (0 < g < oo),
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then, for argé, = argé,, we have

TnmglEry &) =/ / (b &1 F 1670 Wi [(h & 6E) ] W o (8 6 1,550 -

(3.1)
Blps anig; Bz (86 6,E) "] F(t, t,) diy db, s
or
J Tnmo(Ery &) = (2m) %= (2n)*7—2 g1
(3.2) i Ay, 1, (2n) o™ Bl p+-4n; ay: g4+ 2n; B, 2 (20)-20)
oy (g - ny + 1) gt grte ’

where n s a positive integer, |argz|<<m, Re(y = m + 1)> 0,

7y -+ N,
Lppr == (47’ + — + 7’)/(2”') (v=1,2,.., 2n) ;
Ty + My 1 Ny ~+ Ny .
. M= Ly =y 2 = — i |
n + My ny+ n .
ﬂrz+i:('}’ : "+ 70‘{“’?/)/" Botnt: = ('}”{‘ 1—29‘"2"‘70‘]‘7') /1,

((=1,2,..,2),

and the series in (3.2) s uniformly and absolutely convergent in a switably chosen
domaimn.

Proof. Let us first take Rea> 0, |argz|< = and consider the integral

N [ 7 @+ @)e=2 W, fa (i + 0)e] W g nla (@ - 29)2]-

'E[p; ol ﬂs Ra™Mw - wz)_we]w{h apda, de, ’
where n, n, and n, are positive integers. Changing the variables

o=t 1—u), z=1tu O<u<l, 0<i<+ o0),



178 H. N. NIGAM [4]

we have

o 1
Iﬂ;,‘n,(a') = j f tﬂ’+nn+279_2 TV/':,‘m(a‘tg) .‘;V—k,m(a’tg) ’
00
(@, @,)

TR dtdu

B[p; ouq; Bz (@®)=2 ] (1 — w)m um
w1
= [ [ trreremt W, (ate) W (@) -
00
Elp; onig; Boiz (atey]- (1 — )™ w: dtdu,

Evaluating u-integral with the help of the Eulerian integral of the first kind
([4], p. 212), we obtain

Ty, ny(@8) =
ft"x+"=+2"’9‘1T/Vk_,,l(at‘?) W_pnl@t®) Blp; o, q; B2 (ate)—2]de

Ny ,!
(ny + ny + 1)!
0

@

0yl n,!
— 12 a—2?—(n,+ng)g"1f 227+ aptn)e -

e(ny + ny -+ 1)! .
0

¢ T‘ k 'm( ) 1V—-I» m( )E{])’ r/’l Q5 ﬁ zm—‘)n:ldx

Now evaluating -integral with the help of (2.1), we have

Nyl !

Ty (@) = = () (2 et g anie
; !

(3.4) g(ny+ ny+ 1)

Tp A dng aplq - 205 Bz 2n),
where:

My —}—n

Re(y = m-+4)>0, ap+r=(~y+ +v)<> (r=1,2,..,2n);

My + Ny My 4 Ny

~0

Upponti = (y+ +m—1+z)/n, oe,.+3,,+,-=(y+

My + My n1 - 2,

Boi = (y ey gy z) My Bewri= (y + b+ z) n,

E=1,2,..,n).
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Let argé, = argé, =o and if we denote @ = ¢**® where Re a = cos(xg)> 0,
largz| < =, then from (3.1) we obtain

Toory £) = 1 | (taEr s £2)702 Wi (s 14 10 E0)0] W[l &1 £ Ea)0]

0

«© An n
g t;“t;lz)dtl dt,

. !
0, 0,=0 711! Mg

“Eps anq; Bz (6 &+ t’:z*fe)—'zng](

&

)1

&,

)27'0"‘2 ”71;,771 [(1/ (tl 151 I +tz

; .1
My =0 711! “‘2 :

N kit An, n, [
= 2 ve-n Y - J J(tll§1|+t2
o 0

: V"’V—-I:.m[a’ (tl |§1 !+t2 52 } )Q] E[p He AN ] 5/34 :za_ﬁm(tl Ifll_{_tg | E‘Z | )_‘2"L’]t:x t:’jgdtldt‘z N

Replacing ¢,]£,| by «, and 1,|&,| by 2, and evaluating the integrals, we get

Tum(Ery &) = e¥iave=n Uit T |5, e ] / ()77 W Lo (0l

nyny=0 M7+
o 0

o nn, 1

Wl (@ 4= ®)e) Blp; wnq; B,12 a7 (@, 4 @) e ooy da, day =

[=2]
: ; {. An  n _ . .
=(9 )L;—n(r)t )?7—52 2ixlyg—1) p—1. [ A A {(9 ))m,—;nz)g w/ vy + (0, + 1o }
7T ZT ' 0 o a
) ny, =0 (’n1+')22+ 1)!

{Bp + 4n; o+ 205 Btz (2n) (|6 [ )},

due to the relation (3.4).
Thus under the conditions [&;] 540, argé,= argé,, |argé;|<n/(20), (j=1, 2),
and an appeal to analytic continuation, we obtain

w0
Y (2n)mtne=t .

Jn,,"g(fl’ EZ) = {(275) T (271')2?_ %’} 9—1 n,,g=0 (nl + ’)LZ + l)'

E[p + dnjoiq+ 2n; f,2 (2‘,1,)4"] J(Em+1gnaty

provided the change of order of integration and summation in (3.5) is justified.

Regarding the change of order of integration and summation in (3.5), we
note that I'(z, 2,) is an integral function of the variables 2, and 2, and so the
series

@
[£2

1 72 Ty ATy
— = 2 22.
ny,n,=0 Nyt Nyt



180 H. N. NIGAM [6]

converges uniformly for |2;|< R, (j =1, 2) for R, arbitrary large, the in-
tegrals converge uniformly and absolutely under the conditions imposed in
the theorem and since the resulting series

ot a I .
I (gt Bp - dng o g+ 205 Bale (20) ) ER &)

o mpeo (g 2y - 1)1

converges uniformly and absolutely, therefore, the change of order of in-
tegration and summation in (3.5) is justified.

Particular Case. If we take g =1, then the above theorem reduces
to the following result:

Let |&;] 50, |argé;|<mf2, (j =1,2); and let

@

a
Flay m) = 3 = apap
ny,na=0 My 11

be an integral function of two complex variables #, and z,, then for argé, =
= argé, we have

Jm.nz (51: &) = ,/mfm(tl e - l’V/s,m[’jl &+ 1, 52] W_pwll &+ 6.&]-

Blp; eniq; Bz (& 4 66) F(ty, &) At di, =
(3.6) @

a
= (2 h—n (O -4 M, My 2. nbn,
() 27 (20) n,,%=n (g + 0y 1) ()
\ “Blp + dn; onlq + 20 Bz )] /(Ep e,

where n is a positive integer, |argz|<<m, Re(y =m + §)> 0,

Upgy = (29 + Ny -+ 1y + )] 20) (r=1,2, .., 2n0);

Ny My

- —m — 3 —}—i)/n,

nl L n,

Lptanti= (y + + m—% —JI' 7/) /77}, Lptgnts == (7+

ny -+ n,

ﬂrﬂri:('y n1+ " - 7V+7')/” ’ ﬂq+u+,-—()/+ — k4 ’i)/’ll,
(i=1,2,..,n),

and the series in (3.6) converges uniformly and absolutely.
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4. - Theorem 2.

Let |&]|5 0, |arg & <% , (1=1,2); and let

s Cn, oy

Pley,m)= 3 oo

Ny, =0 ’”’1! nZ!

©

be an integral function of two complex variables z, and z, of order ¢ (0< g< 00),
then for argé, = arg&, we have

[ ® @
P (b &) = [ [ (0& + 6,6, 2 K, [(4,& + t,£)°] Ko, [(8, 6 -+ 6. 65)e] -
(4.1) o0
‘Blp; o005 Bz (88 + 6,.&)" 1 F (i, t,) dt, di, ,
or
(&1, &) == 271 32 —n i (3/”)0 1% _ Gaymy

(4'2) 1 ny,ny=0 (71’1+71/2+ 1)!

.')7,(n1+nz)g—lE[p -+ dn; oy iq + 2n; ,33:27l~2"]/(§'1'1+' 53" ny

where n s a positive integer, |argz| < m, Re(d 4 u -+ 2)> 0,

7 n —i— Ty
Optgby = (l + k + : + u + v + ,L) /77/ 9 Lptntits = (Z- + o iy 2 +V _’_7’) /n}
Ty +1 . %y + R .
Aptontit1== (l"{“ R _i_ll’t_—v—*_?’) fn, X pt-gnti+1=—= (l—l— ”}f_ p—v+ 'L) [n,
(t=10,1,2, ..., n—1),
ﬁa+j+i=(2l+nl +])/(9)Z) (]: 0, 1, 2, sery 2%—-1),

and the series in (4.2) s uniformly and absolutely convergent in a switably chosen
domain.

Proof. The proof is similar to that of Theorem 1, except that we use
integral (2.2) instead of (2.1).
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