Riv. Mat. Univ. Parma (2) 11 (1970), 183-189

A.N. MzerRA (¥

On Meijer Transform. (*%)

1. — A generalization of the classical LAPLACE transform

(1) p(s) =s [ e=st (1) dz,

has been given by M=e1wEr ([1], p. 730) in the form

©

@) p(s) = s [ ™% (st)™ % W, (st) f(2) e,

0

where W, ,(2) is the WHITTAKER’s confluent hypergeometric function. In this
equation f(?) is known as the original of ¢(s), ¢(s) the image of f(2) and (1) is
symbolically denoted by (JAIswaL [2], p. 385)

E4+1
(@) —*;;a*’??(é’) ’

and (1) by
f(2) == ¢(s) .

For £ = —m, and by virtue of the identity ([3], p. 432)
e = ()" Wy (8T,

(2) reduces to (1).

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University, -
Lucknow, India.
(**) This paper forms a part of my thesis for Ph. D. approved by Lucknow University.
— Ricevuto: 13-1-1969.
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In this paper we have studied two properties of MEITER transform. One
is the generalization of a known result of LAPLACE transform given by Bosm
([4], p. 821). The other property involves the images of MEIJER transforms,
which are self-reciprocal in the HANKEL transform. These properties have
been illustrated by suitable examples.

2. = Theorem 1.

1(,;2

If f(t) —= o(s), then

(3) [ o(s) is) as = [ 7% (1) wit) it
where
4) w(t) = [ g™ st gAY Wit sa.m(st) B(s) ds ,

1

provided the integrals involved are absolutely convergent.

Proof. We have

w

(p(s) = 8 f G—%s‘ (St)—kml/z Wk+l/2,m<8t) f(t) dt *

0

Multiplying both the sides by hA(s) and integrating with respect to s between
the limits ome and infinity, we have

oo @ @

f(p(s) n{s) ds = [. s h(s) [f e Yst (gp) TR Wt 1p.m(82) f(1) di] ds

1 1 [t}

-]

= [ gy [ 7% e B, (st) B(s) ds]
¢

1
hft"‘ " (t) w(t) de

where u(t) is given by (4).
The change of order of integration follows from the absolute convergence of
the integrals.
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2.1. - Corollary.

If we take k= —m in the above Theorem, we get a known result in Op-
erational Caleulus ([4], p. 821):

If f(t)==p(s), then

[ o) bis) ds = [ 7(2) (@) az,
where '

p(t) = f s et h(s) ds

provided the integrals converge absolutely.

2.2. - Example.

Let

Then (Jaiswarn (1) [2], p. 387),

IMo—2k+1) .
1@ S Te—kilzm b

Re(o—k) +1>|Rem| and TRes>0.
Further, let

h(s) = (s —1)°? G;::((LS

Ay s eeny Gy
byy ey by )T
Then, from (4), we have

w0

w(t) :f o= Yhst g+ Wtz m(St) (s —1)°77 Gz’]’;(as

1

Ay 5 eeny Wy
ds .

() The symbol I'y(a 4 D) denotes I'(a + b) I'(6 — b) and the symbol

oy & Pi, o b foy e o+ By o — Biy w0 + B o — P -e
wl ; ¢ denotes ,,F, A

'Lal 4+ by, ay £ by, ... ay + by, ay— by, @, + by, ay— by, ...
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Hence, from (3), we get

F(o~2]l—§‘]) [ Jemn W,
: ek () df =
(5) Lylo— k41 4 m) w(t) ¢
0
[T Ay s veey Uy O
:fs—i’ (s —1)y G (as bl bl) ds = I'(o) G; 117 1, ( a lb W
1 s eens Dy 15 seer Dy

1

(4]

).

on using a known integral ([3], pp. 417-418), provided Res >0, Re(p — k) -+

+1>| Rem| and either of the following set of conditions:

p+qg<2( +n), larg a|<(l +n—ip—Lqmn
(1)
Re(p—0—a;) +-1>0 (1 =1, 2, .., n), Reo>0,
[ P+ <20+, arga|<(l+n—3ip—Liqx
(i) | Re(p—o—a;) +1>0 (7=1,2, ..., n), Reog>0
P ]
Re[Ya;—3b; +(q—p)le—0 -+ P +3>0,
j=1 7=1
or
qg<p (org<p andlal>1)
(iii)

Re(p—o—a;)+1>0 (j =1, 2, ..., n), Reo>0.

3. - Theorem. II.

E+ L
If f(1) 6—;:—3» @(s) and p(s) is self-reciprocal in Hankel transform of order
v, then
(6) @(s) = [ f(x) G (s/z) Az,
0
where
Dy — b+ (5/2) £=m) _ .

G, (s/@) = 2 T(v— 2k+(5/2)) T(+1) F(#)

(7)

7 [(r=T+ (52) = m)jz, (v =k + (7)2) + myf2
8 lv + 1, (v—2k + (5/2))/2, (v — 2k + (7/2)

4
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provided that Re(y + k) -+ (5/2) >|Rem |, Re(u, —k)-+1>|Rem|, where

f(x) = O(x™) for small @, f(x) is continuous for x > & >0, e f(x) -0 as ¢ - oo
for Re s > s, >0 and the integral in (6) converges absolutely.

Proof. We have

(8) pu) == u [ ¢ (up) ™R W, . (uz) f(2) do
and
(9) p(s) = [ (sw)% J,(su) p(u) du .

(]

Using (8) in (9), we have

a3

@(s) = f (su)™ J (su) [uf eI (yg)TE Wiy v m() f(2) dar] du

= g f @ f(x) [wf e (um) TFTR W, (w) w7 T (su) du] de.
0 0

Now, evaluating the u-integral by Jaiswar ([2], p. 389)

E-+3% (@2 Tup+v—FE+1+m)

¢ J"(a/t) ne sHFY Py 4 v~ 2k + 1) Ty + 1) ’
(+v—k+1L£m)/2, (uwtrv—k+2+m)2
"oy ; —arfsty
v+ L (utv—2k+1)/2, (u-+v—2k-+2)2
Re(u +v—%k) +1>|Rem|, TRes>0  and |s]>]a],

we obtain the required result.
The change in the order of infegration can be easily justified by DE LA VAL~
LEE PoUssiN’s theorem ([5], p. 504) under the conditions stated in the Theorem.
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3.1. - Partieular cases.

(i) If in Theorem II we take » = 1/2, we get the following result (2): If
E+ 1
> @(s) and @(s) is RY, then

1)

T
ne

=T~k £ m) o (3 — Lk4m)/2, (4 — k+m)/2 .
PO =V = F oy S‘/ v { 302, B—2k)2, 2 — 2 Sz/wz} /(@) dw
i)

(under the same conditions as of Theorem II with v = 1/2).

(ii) On the other hand if we take v = —1/2 in Theorem II, we get the
k+ % .
following result: If f(2) “—j-);—» @(s) and q(s) is RY, then

g D) [ @k e, (B kw2
RANAEES e e WA

0

; msa/mz} f(z) do

(under the same conditions as of Theorem 11 with v = —1;2).

3.2. - Example.
Let ¢(s) = s~ %, Then

_I((3/2) — 2k) ” -
f(t) = TLGR = Lm (JarswarL [2], p. 387),
provided Re((3/2) —k) >|Rem|, Res>0.

It may be noted that s~ is the self-reciprocal in HANKEL transform of
order » ([6], p. 150).

Hence from Theorem II we get

-

I'((3/2) — 2k) . 1
)/m/‘ G (s/») dx =

(10) iG—%+tm

0
provided Re(r —k) + 5/2>|Rem|, Re((3/2) —%)>|Rem|, Res>0 and
@, (s/x) is given by (7).

(*) A function f(t) is R} if f(t) = /2/x fc;os(st) fis) ds, and is R¥ if f(f) = /%)% -
Q

. fwsin (st) f(s) ds.
[}
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