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On Generalised Stirling Numbers and Polynomials. (*¥)

1. - Introduction.

STIRLING numbers and polynomials are defined as [2]:

13 /:7 . %
(1.1) S, k) = — 3 (__]_)k_,-(.) o EIF o
kY=o i k!
and
(1'2) An(w) = z S(ﬂ, 76) @k,

« (=1 e .
(1.3) 8n, k, r) = o > (_l)l(j) (o + )",
Ve =0
(1.4) TO(w, r, —p) = 2 8¥n, k, v) pra.
k=0

In particular it is found that
8%mn, k, 1) = S(n, k), Tz, 1, —1) = A (2).
A recurrence relation for (1.3) is [1]
(1.5) SOn 41, k, ) =17 8n, k—1, v) + (o + vk) 8¥(n, k, 7).

(*) Indirizzo: Bundelkhand College, Jhansi (U. P.), India.
(**) Ricevuto: 18-I1I-1969.
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In the present Note it is proposed to study more properties of (1.3) and
(1.4).

2. — It is familiar that the formulas

(2.1) g(n) = El:f((l) (n=1,2 ..
and
(2.2) fn) =3 M(c) g(d),

where M (c) is the MoBIs function, are equivalent.
From (2.1) and (2.2) we have that, if

(2.3) g(r) = éc (;) 1G4) (r=0,1,..),
then
(2.4) fr) = g (— 1) (,) 90i) -

From (2.3), (2.4) and (1.3), we deduce that

i=0 \?

;s
(2.5) (@ +rj)r =3 (7) il 8%n, i, 7).
Further we obtain by simple manipulation that

(2.6) Sty k, ) = i (’I.I-) S, E, 1)
1

=0
and
n

(2.7) 89n +1, &y ) — o 8¥n, k, #) =1 > (:) =i 89, B —1, 7).

i=0

A particular case of (2.7) is given as a familiar result

3

i

2.8) Sn+1, ) = (;b) 86, k—1).
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For (1.3), generating function is

« {n k
(2.9) 3 ST Ry ) = C e~y

and (2.9) leads us to addition theorem

@10) SO, 28, ) = i ( )S —m, &, 7) 8P(m, ky 7).
3. — Let
: d Mk .
(3-1) A% flo) = 3 (=13 (}) flee +71)
i=0 J
hence

A (o ) = 3 (— 1) () (o +7j + o)
= il i (i) (rs)i-s §¥(s, 4, 7).

From (1.5) we obtain the following congruences (mod 2)
(3.3) S9n + 1, 25, 1) =1 89n, 2s —1, r) + o S¥n, 25, 7),
(3.4) 8P+ 1, 25 +1, 7) =7 89n, 25, ) + (« + 7) 8S¥(n, 28 + 1, 1),
(3.5) S¥m-4+1, 25 + 1, r) =12 89n —1, 2s —1, ) +
+roa89n —1, 25, ) - (o +7) 89 n, 2s —1, 1),

which reduces in particular to [3]

Cutrzs = Cnpoms + O (mod 2),

Coirzoss = Cnze (mod 2),

Oniaps = Onmapse + Caps (mod 2),

where C,, = 8(n + 1, r + 1).
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4. — For STIRLING polynomials we know well that

ke jn ti
(4.1) -A»n(t) et = L .
i=o 7!

Hence we obtain

(4.2) > V=o' o + 7 A@)]",

where A" is to replaced by 4, . Also

< (o rjn
(4.3) > “ 7 ! 1= gt T,g“)(tllr’ 7, —1),
i=0 !

where T\ (z, r, p) are defined by (1.4). Thus from (4.2) and (4.3), we obtain
(4.4) T2, vy —1) = [o 4 r A()]".

Further it is seen that

(4.5) 2 E89n, ky, v) = [a +r A@W)]
k=0
and
r S oplari .
(4.6) TP, 7, —p) =7 ¥ L (@ o),

a1
j=0 ]

which can be verified by manipulating right hand side and this gives an extension
to (4.1).
Differentiating w-»-t-2 the generating function for (1.3); given by [1]

= in
(4.7) 2 = TX(®, r, —p) = explat —par (1 — )],
n=90 N

H
we obtain

D T@, v, —p) +rpat T, 7, —p) =

(4.8) .
= p 21 z ( ) pr—m T(g)(w’ ,),’ . p) ,
o \ 7t
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and on differentiating w-7-¢-¢

(4.9)

T:xoil(m) 7y _77) =

=a TP (@, r, —p) +rpa 3 (’"’) e LN wy vy, — )

meo \ M

On combining (4.8) and (4.9), we get

(4.10)

I (e, vy —p) = aD TP w, v, —p) + (« --rpar) Tw, r,—p) .

(1.3) can also be written as

(4.11)

T:;a)(m; », _p) = z (:) oty fln(p wr) .
i=0

My sincere thanks are due to Dr. R. P. SineH for his kind help.
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