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Caror SINGH (¥)

An Inversion Integral for a Whittaker Transform. (*%)

1. - Introduction.

In [2] K. N. SHRIVASTAVA has given solutions for integral transforms of
the type

(1.1) [ ¢ —wy=* 3, (& —w) g(t) at = f(u) .

u

In the present paper we solve the integral equation (1.1) with a different method.
It may be of interest to note that the inversion integral we establish does not
contain any polynomial or function, secondly it involves a fractional deriv-
ative.

The WHITTAKER’S functions are defined as

D(— 20) My (0) | T(2p) My ()

D) A -~ .
(1.2) Wien(®) (3 — p~ k) "3 p—k)
and
(1.3) M, (@) =@ e B (3 +u—k; 20 +1; @),

2. — In the result ([1], p. 200, (89)) assuming
(i) A= —v O<v<3),
(i) p=k—y—13% (v =1, 2,..)
(*) Indirizzo: Department of Mathematics, Government Polytechnic Institute,

Raigarh (M. P.), India.
(**) Ricevuto: 3-VI-1969.
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(2.1) A [ o= g M, (a@) (L — @70 dg = = qr T2
0

A = D=2 {1 —v — k) Dk —» — 1)}

Changing the variable by taking e =t —u and ¢ = v — %, we obtain

v

(2.2) 4 f (t—w) ™ e TR AL — ) (0= F T T A = T YT () TR

u

(d/dw»)* g(x) is an ordinary derivative of g(») if & =0, 1, 2,...; and, if «is
not an integer, the fractional derivative is defined by ([1], Chapt. XIII):

1 o i 111
2.3) (~) 00) = F—r T | ) (s —wpras,

dr 7. — o) de?
) x

n—1l<<a<<n (n=0,1, 2,..)),

and

3. - Theorem.

If 72 f(u) and its first [v + & -+ §] derivatives are absolutely continwous,
if the [v + k - (3/2)] - th derivative is sectionally continuwous for 0 < u,<u <1
and if ¢e*F f(u) and its first [v + k -+ L] derivatives vanish for u > 1, then the
solution to the integral equation (1.1) is given by

1
: (— B)rEitia . [ . U .
A S T A CAL Ll U0 e U2 g .
3.1 90) Ty + k%) ¢ j a t) (d'v) {(’ f(l)}d

4
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Proof. Substituting the value of g() in (1.1) from (3.1), we get
(— 1)r+k+’/_~[1

——~——~T(1] Ny — f (t —u) " Mk},(t — ).

u

(3.2) I=

1

G vkt
.[e“’z J ¢ (o — )= ( d) Lo feoy Lo |

dv
t

The change of the order of integration gives us

1
— RS 4 1 \r+k+ Y ,
33) DT f ¢’ ((—) {e(v)} -

h I'iv+ k -+ 3 dov
%

v

I —wyr M, —u) e (v — )6 gy do .

“

Using the result (2.2) we get from (3.3):
1 o

(—l)v+k+%’ / » R 1 HE+ — v/
(8.4) I= ;m‘—)fe“(v — u) ﬂ+w( ) { 2 fw)}do .

b+ %

Since 0 <v<fand p=k—v—% (u=1, 2, .), we get v +k 4+ L =pu 4
+ 2y 41 and &lso w42y +1>2. Obvmusly # 4+ 2v + 1 is not an integer.
The relation (3.4) can be rewritten as

— (_« ] ur e"lz 2y d !1+2’+1 —’U/Z ;
(3.5) I = F(u I f (v —u)* ((Tz;) f(v) }dz. .

Integration by parts for 4 -~ 1 times under the conditions of the theorem, gives

3.6 7 enl2 1 s a\er R "
(3.6) [ = @ (v — u) o {6 f(@)} V.

But (2.3) with # = 0, « = —2», # = » and g(s) = 0 for s >1 becomes

(i) ™ gluw) == L g(s) (s —w)* 7t ds

du I'(2»
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from which it follows immediately that

1Y% (a)\er
reen(8)T (S) ey o 1.

This establishes the Theorem.

The author is grateful to Dr. V. K. VArMA for guidance.

References.

[1] A. ERDELYI,iTabZCS of Integral Transforms, Vol. 2, McGraw-Hill, New York
1954.

[2] K. N. Brivastava, On integral equations involving Whillaker's function. Proe.
Glasgow Math. Assoc. 7 (1966), 125-127.



