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On the Absolute Norlund Summability

of Fourier Series. (*%)

1.1. — Let > a, be a series with partiel sums s, and let {p,} be a sequence
of real constants with

P, o=p, 4P+ P24 oo -+ P (P, =1p=0)

The series » a, is said to be summable | N, p, | if

zitﬂ—tn"l!<oo7

n=

-

where

tn e (1 /Pn) Z ]’,1_,. 8,. .
r=0

If we take p, = 1/(n -+ 1), the NORLUND mean {t,,} reduces to the familiar
harmonic mean [7].

In the sequel it is assumed that the sequence {pn} is non-negative, non-in-
creasing and lim p, = 0.

fn—> 0

1.2. — Let f(¢) be a periodic function with period 2z and integrable (L) in
(— 7, 7). The FOURIER series of f(1) is
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[=~] (o]
Yag -3 (a, cosnt + b, sinnt) = > A,
1= ] n=0

Where a, and b, are given by the usual EULER-FoUurIER formulae. We write

plt) =f@ + 1) + fla—1) —2 f(2);

ot) = 3 p, cosmt, pt) = 2 p, simt ;
y=10

pex0
Oy == jq)(t) (t) cosnt dt , B = f(p(t) (1) sinng di ;
0

0

2 denotes a variable increasing to infinity and ¢ tends to zero from the right

2.1. — In this paper, which is in continuation of a series of papers [1],
[2], [3], [4] devoted to the study of the absolute NORLUND summability of

infinite series, we establish the following

Theorem. ILet the sequence {pn — p,,H} be non-increasing and

(i) Y Piwc<<C (). Let Xbe a function which increases to nfinity

n=1
and which is such that
(i) P(y)/X(y) is decreasing,
(iil) #°X(t™1) increases as t increases (¢ >0, and small) and further,
. - 1 .
(iv) ngl WA <,

2 1 . Lo
(v) ngl o ) P < C. If f(») is of bounded variation and

(1) = 0(1),

(vi) |

then the series 3 A,(w) is summable |N, p,]|.

(1) Throughout the paper (' denotes an absolute constant not necessarily the same

at each oceurrence.
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2.2, — The following lemmas will be required in the proof of the theorem.

Lemma 1 ([5], Lemma 5.11). For 0 <a<<b< oo, 0 <t<<mw and any #n:

b
S (*i(:z—k)l‘} <P, (z = [t1]).

|
\ k=a

Lemma 2 ([5], Lemma 5.20). For ¢ in (h, n):
Lyt + 20)— ) | < C R P(hY),
where

©

y0) = 3, e

»=0

Lemma 3 ([6], Lemmas 512 and 5.14). TFor ¢<1/n:

(2.2.1) pa S PP, < C PG,
y=0

and

(2.2.2) i " '\‘7’ <OP.

“‘1

Lemma 4 ([5], see proof of Lemma 5.16). If {p,— P, }is non-increasing,
then

j¢(t Ji . cos(n — k)t - Z ;"I’k(,os(zwk)}d ‘<

&

l)n 1 k=0 n
< ( P AP Pn ) Lo(t) | P - At + C Pa | p(t) | dt
SY\p ., B el ) TP TYP, P
1/n 1n

2.3. « Proof of the Theorem.

We have

A () = (1/m) f ) cosnt di

1]
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and therefore

. 1 5 n—1
T by — ey | = @A) X (P Po— pu Py) cos(n— k)t di| <
])n Pn—l ke
1]
7T 1/n
1 * n
< P f‘])( ) Z P cos(n — k)Yt - A1) - f Z Pr COS(w —- R) - At | -~
a1 k=0 L1 k=n
ln
Pn 'S P, costn— It - il -
o ])11 Pn“l (p( ) k-=z(] ¥ costn = b) (i
0

k=( 4+ n

l o n-—1
-+ —-—‘ J(p(t [2 . cos(n— k)t - z I P, cos(n — lc)t} d¢
Poy =2 P
1/n

4
= z !yn,r! ’ Sa’Y'

r=1

Hence, for establishing the theorem, we have to prove that under the hyp-
otheses of the theorem

M s

(2.3.1) | Yar | << 00 (r=1,2 3, 4).

n

it
o

Making use of Lemma 1 and the hypotheses (vi), (ii) and (iv) respectively
of the theorem, we get

(2.3.2)

Also, making use of (2.2.1) of Lemma 3, we get

1/n
il . \ o I P +]) T+ e Pn
5 1l <0 3 5 [ lpi] B0 pa dt
n=2 n=32 n—1 - n
0
(2.3.3) 1/n
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as in the estimate (2.3.2).
Again, making use of Lemma 4 and the hypothesis (vi) of the Theorem,

we get

3 7l <
n=e T
<o Sl i) [ a0 2 et
1n
(2.3.4) 02 ( lnﬂ/;“:: 1,,7;1;”_1\) (1 * él oi(v)> ¢
<0+03n S0 LS
0+0 5 o

by (2.2.2) of LLemma 3 and the hypothesis (iv) of the Theorem.
Finally

@

i | Var | <2 Pua [ fn(p(t) ot) cosnt dt | + | f(p(t) A(t) sinnt dt | ]

_ § Lol 1]
n=1 l)n—l )

Hence to prove the Theorem now it remains to be established that

(2.3.6) 2 lP < ¢.

n=1 n—1

It is easy to see that under the hypothesis of the Theorem ¢(2) () € L2
Thus «,/n is the FOURIER coefficient of an even function which belongs to L2
The FOURIER series of

©

@(t + h) a(t+h) — @t —h) «(t—h) being — (4/n) > «, sinnt sinnk ;

n=1

an application of PARSEVAL’s relation gives
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S sintnh < ¢ [{p(t + By ot + B) —plt— 1) oot — W)} alt
n=1 °
b

SO [or(t 4 1) [plt + ) gt — 1) |2 AL-+C [ g2(0) e+ 20) e +
; —h
» T
+ O [t e2t) At + C [g2(0) et -+ 20) —a(t) |* dt

—h 13

4
= 39,(h), say.
i==1

Since f(x) is of bounded variation and | ¢(f) | X(t71) = 0(1), it is clear that
the function ¢ is continuous and of bounded variation, and therefore for all
positive integral values of N,

(2.3.8) H
¢ 4 [ 5 ( v ( (v — )\ )
JROTE 2(¢—1 e e
</(N) fP (1) w; @\t - N) (p‘t i — ) i di
)
c o P2 s c
k < [(N) [1 - kgl PL k } < 7(N) s

making use of Lemma 1 and hypothesis (i) of the Theorem.
From (2.3.7) and (2.3.8) it is now clear that

T C
(2.3.9) 9y <2N> < ik

Again, by Lemma 1 and the hypothesis (vi) of the Theorem,

h
P{(t + 2R)7) h Px(h1)
<0 | ———— <O ———
(2.3.10) Ta(h) < f TRy i< 20
—u
and
h
, Pi) I PE(h1)
(2.3.11) (k) < C'f 20 dt<<C A

—h
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by the hypothesis (ii) of the Theorem. Also, by Lemma 2,

5T

(2.3.12) 9,(h) < C h2 P2(h~) f

13

di h P2(h1)
B
12 ZZ([,—-l) N Z:Z(],]——l)

since #* Z(i~!) increases as ¢ increases.
Combining (2.3.7), (2.3.9), ..., (2.3.12) and taking N = 2" and fo== 2Vt
we get

=L [ P2 1
3.1 o Sin¥(nag /2T < O | oo 4 o |
(2.3.13) 2 (nf2™) < [2 sy ra]

Applying ScHWARZ’s inequality and making use of the above estimate, we
have

a2t

JalPa=3 3 Ja|P.<

4 n=ov=lpg

s

n

i

(-] v 21’
<OS[{ 3 P S w st

PEL a=erlpy n=e¥lpy

< O3 (FPPE){ 3 o sinc(uaf2 )}

p=1 n==]1

<O XA} 0 2{HeE) P}

<O 3{1/[n Zn)]}+C S{1/[n ") pPli<0,

by the application of the conditions (iv) and (v) of the Theorem. Similarly
we can show that 3 |f,|/P,<C co. Thus (2.3.6) is established and the proof
of the Theorem is complete.

Remarks. If we choose po=1, p,=0 (n 7 0) and x(y) = (logy)***
our theorem yields the well known ZYGMUND’s eriterion for absolute conver-
gence [9]. Also, choosing p, =1/(n + 1), we get the following
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Theorem A. If f(x) is of bounded variation and Z(y) is any one of the
functions
(logy)***,

1+e
’

logy - (log logy)

logy - ... - log log ... log,_, % -(log log ... log, y)***

such that

Z(t_l) <0 ’

[ f@ + 8)— f(a)

then the series 3 A,(w) is absolutely harmonic summable.
It is interesting to note that a particular case of the above Theorem is
known [8].
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