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S. P. AcCHARYA (%)

On common fixed point

of a sequence of maps in uniform spaces. (**)

1. - Intreduction.

Recently Baidynath Roy [3] has proved the existence of a common fixed
point for a sequence of mappings from a complete metric space into itself.
His theorem is as follows

Theorem 1.1. Let {Tn} be a sequence of maps each mapping a complete
metric space (B, d) into itself such that
(i) for any two maps T, T;,
AT @, Tiy) < Ad=, y),
where 0< A< 1, and x,y € B with x sy, and
(ii) there is a point x, in E such that any two members of {w,, = T,,:v,,_l}

are distinet. Then {7T,} has a unique common fixed point.

In the present paper, we extend this theorem to uniform spaces in different
directions.

2. - Preliminary definitions and results.

Let (X, %) be a uniform space. For definitions of Cauchy net and a complete
uniform space, see [2] (pp. 190-192). From Th. 15 (121, »- 188) we see that

(*) Indirizzo: Dept. of Math., Bangabasi Evening College, Calcutta 9, India.
(**) Ricevuto: 5-IX-1973.
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the uniformity % on X can be generated by the family Z of all pseudometrics
on X which are uniformly continuous on X xX. But we have observed that
it is not necessary to take all the members of & to generate the uniformity %
([1], Th. 2.1).

For any pseudometric p on X and any 7> 0, we write

Von={®1y);2,yeX and p(, y) <1} .

Let & be a family of pseudometrics on X generating the uniformity #. De-
note by ¥ the family of all sets of the form [} V (wrys Where p,eZ, r,>0
i=1

(t=1,2,..,n, the integer » is not fixed).
Then eclearly ¥” is a base for the uniformity #.

Let Ve?". Then V:ﬂ V(%,), where p;eZ, and r,>0 (i =1, 2, ..., n).

For each a> 0, the set ﬂ V(, arp elongs to ¥7. We denote this set by V.

We now give a list of some properties of the sets of the fonn a«V which ean
be easily established.

(2.1) I Ve? and a,f are positive, then «(fV) = (¢f) V.
(2.2) If Vev and a,f are positive, then «V cBV when o< p.

(2.3) Let p be any pseudometric on X and «, f be any two positive numbers.
It (@, y)ex V)08V 4, then pla,y) <ori - fr,.

(2.4) If Ve¥ and o, f are positive, then aVofiVe(a+B)7T

Note 2.1. Let p be any pseudometric on X and «, 8, y any three positive
numbers. If

(ﬁ? :I/) ea V(;p,rl) 0/3‘[7-(”’%)0717(”',3) ’
then plw, y) <oy + fra -+ yrs.

(2.6) Let z,y € X. Then for every V in ¥7, there is a positive number 2 such
that (2, y) €AV

(2.6) Let Ve . Then there is a pseudometric p on X such that V= V-
Let @, ye X. Then by (2.5) there is a 4> 0 such that (z, y) € AV.
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Write A, ,={4; 2> 0 and (z,9) € AV},
We can now verify in (2.6) that

pla,y) =Int {I; A€ Ay, -

We reafer to p as the Minkowski’s pseudometric of ¥ in analogy with the
Minkowski’s functional of a convex and a balanced set in a linear topolo-
gical space.

In the following section we shall utilise the following four theorems which
we have proved in [1]. Here X is assumed to be a sequentially complete uniform
space which is also a Hausdorff space, and ¥, the family of all sets of the form.

n

N Vipryy Where p,eZand r,>0 (i=1,2,..,n, the integer n is not fixed),
i=1

P being a fixed family of pseudometries on X generating the uniformity %

for X.

Theorem 2.1. ([1], Th. 3.2). Let T; and T, be two operators on X
mapping X into itself such that for any two members ¥y, Vyin 7" and #, y in X

(Th@, Toy)€aViofV s,
it (», Tor)eV, and (y, T.y) € V,, where «, f ave independent of z, 7, Vi, Ve,
and «>0, >0, « 4 f<1. Then 7, and 7. have a unique common fixed

point in X.

Theorem 2.2. ([1], Th. 3.3). Let T, and T, be two operators on X map-
ping X into itself, such that for any V, V,in ¥ and @,y in X

(7,0, Toy) €aViop Vs,
it (y, T,2)eV, and (z, T,y)€ V., where «, f are independent of w9, Vy, Vs
and «>0, >0, a-+Bf<1. Then T,,T, have a unique common fixed

point in X.

Theorem 2.3. ([1], Th. 3.4). Let T, and T, be two operators on X map-
ping X into itself such that for any three members Vy, Vs, V,in ¥ and @, yin X

(T1@, Tyy) €aViofVs0y Vs,
if (w, Tyw) e Vy, (@, y)e Vs, (y, Toy)€V,, where «, B,y are independent of

@, 9, Vi, Vs, Vs, and a>0, >0, y>0, a+f+y<1. Then T, T, have a
unique common fixed point in X.
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Theorem 2.4. ([1], Th. 3.5) Let T, and T, be two operators on X map-
pings X into itself such that for any three members V,, V,, V,in ¥ and », y in X

(T2, Thy) e aViofV,opV,,

it (y, vo)eVy, (@, )€V, (4, Toy)eV,, where o, B,y are independent of
2y Yy Vi, Vay V3 and >0, >0, y>0, « + f+y<<1. Then T,, T, have a
unique common fixed peint in X,

3. - Results on fixed point of a sequence of operators.

In this section we assume that (X, %) is a uniform space which is sequen-
tially eomplete and also a Hausdorff space. Further we suppose that £ is a
fixed family of pseudometrics on X generating the unifermity #.

We denote by ¥ the family of all sets of the form [} V, (o Pi€ P and
i=1
>0 (i=1,2,..,n, the integer n is not fixed).

By an operator on X we mean a mapping of X into itself.

Theorem 3.1. Let {T.} be a sequence of operators on X such that for any
two operators T;, T; in {T,} and any V in ¥, and x,yeX with T Y,

Tz, TyyyeaV if (@,y)eV,

where 0 << a<<1 and further there exists an x,€ X such that in {w, = T,2,_,},
By, (1=1,2,...). Then {I.} has a unique common fized point in X.

Proof. We first establish that {#,} is a Cauchy sequence in X.

Let Ve Using (2.5), we find a positive number Asuch that (@, ;) € 1V =
= W, say.

Then We 7" and uWe ¥ for any x> 0. We have by the given condition

(@1, @) = (L1155, Totwy) €W, (g, @) = (Lomy, Tyts) €ot(a W) = o2 W .

By induction (#,, #,.,,) € W.
Since

(@, mu.;.]) oW y (.{U"+1, {Un+2) corti W ,
we have [by (2.4)]

(®ny Tnyo) € Woortt W C (" + 1) W,
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Similarly
(@, Buys) € (0" 4 @t - amt2) W

Let #» and m (> n) be any two positive integers. Then

a?l Zoc'fl
W=

V.
1—o l—u

@y @) € (0 + o1 4 oo o 1) W C

Since 0 < o<1, we can choose a positive integer n, such that [Ae/(1—o)] <1
for n>n,. Then (#,,®,) eV for n>n,. Thus {z,} is a Cauchy sequence in X.

Since X is sequentially complete, there is an element & in X such that
E= Ziax,.

n—>o

Next since z,— &, as n—>oco, for every ¥V e ¥, there is a positive integer
N such that (#,,,&) €V, when n>N. Since z,# 2, (n=1,2,..) we can
choose r > N such that x, ;54§ So for a fixed m

(wrg TmE) = (Trmr_17 Tm§) E(ZTT -
Thus (#,, £)eV and (z,, T.&)eaV. So (& I8 eVoaVc(l + a) V.
Since V is arbitrary, T,.&é =& Hence £ is a fixed point of {T,,}.

Let neX and T,y =7 (n=1,2,...). If possible let n==&. Since X is a
Hausdorff space, we can find a member V of 7" such that n¢ V[§]. Then

(1) EmeV.

By (2.5) there is a A> 0 such that (£, 7)€ AV =W, say. Now (&, ) = (T.¢,
T,.n) eoW. Similarly (&, %) €a(aW) = o*W.

In this way we have

(2) ‘ E,neweW=J7eV r=2,3...

Take » so large that 0 << Ao < 1. Then (2) gives (§,n) € V, which contra-
dicts (1). Hence y = & and the proof is complete.

Theorem 3.2. Let {T,} be a sequence of operators on X such that for any
two operators T;, T; in {T,} and for any two members Vy, Vs in v and x,y in X

(T2, T;y) €0ty3 Viooy; Vs,

if (@, T;2)eV, and (y, Tsy) € Vy, where oy is independent of x,y, Vi, V. and



40 S. P. ACHARYA [6}

© k

0<oy<a<l and 3 [Tle, 0 /(A—o, ;)] is convergent. Then {T,} has a
E=1i=1

unique common fized point.

Proof. Let x, be an arbitrary but fixed point of X. Define the sequence
{@.} by

Ty = anﬂ—l (n = 1, 2, ...) .
We write
ﬁ 4,141
=11 7———— c=1,2, ..).
i=1 L=y o (k 925 )

Now we prove the theorem by the following steps.
(I) The sequence {z,} converges to a point & in X.
Let Ve¥'. Buppose p is the Minkowski’s pseudometric of V. Let
@z, yeV. Write p(z, T:@) =7, p(y, T;y) =r; and take ¢> 0. Then (z, T:x)
etrit+o)V, (y, Ty e+ o) V.
So by the given condition

(T, Tyy) € ass(rs + &) Vorss(rs + ) V.,

S p( Ty Thy) <ou(ri + €) + ays(r; + ) .
Since ¢ > 0 is arbitrary, we obtain
(3) (T2, Ty <assp@, Tow) + aup(y, Thy) .

Let 4 be a positive number with 4> p(z,, 2,).
Now [by (3)]

P(@y, @) = P(T120y, Totty) < 0P (@, 1) + 2221, ) &

So

2t
P(@1, )< 1o P(@oy T) <14
12
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D@y 25) = P(Lay,y Tys) <oty P(T1y o) + Uag P (25 @) 5

Ly
1oy

e (@ 25) < Py, T) <A A

In general

= G i1
p(mn; wn+1)< [H 1—‘_] A= (1/,,}. .

g==1 170G g4y

Let us take any two positive integers n and m (> n).
Now '

(T, ©) < P(@x, wn—{d) + p(mn+17 wn+2) A oo D@1y T)

m~—1
< (a’n + a’n+1 + v + a‘m_l) Z- = [Z al:])\' .

k=n

o«
Since Y a, is convergent, we can choose a positive integer n, such that

=1
m--1
[Za] A< 1, when n>n,.
Ek=n

So p(#,, 2,) <1, when m>n>n,. This gives that
(@ns @n) €EVipyy=V for m>n>mn,.

So {z,} is a Cauchy sequence in X.
Since X is sequentially complete, there is a point £ in X such that & = L1 x,.

fn—>e

(II) £ is a common fixed point of {T,}.
Take V and p as above. For any positive integer n, we have

P&, Tné) <p(&, #0) + P(La®nsy Tink)
<P, @) + &ty P @y, Tn) + %, n D& Tnf) -
Letting n — oo, we have p(&, T,&) <ap(§, T,.£).
Since 0< <1, we get p(& Twé) = 0. So (& T.&)eV.

Since V ig arbitrary and X is a Hausdorfl space, we have & = T,,¢£.
Hence £ is a fixed point of 7, (n=1,2,...).
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(III) & is the unique common fixed point of {7.}.
If possible, let » be a fixed point common to T, (n =1, 2,...). Take any
Ve?.
Then (n, Tyn) = (n, ) € V, and (£, Tpé) = (£, &) e V.
So we get

(&, m) = (11§, Tom) €0t1s Vootys V C 2005, V.
Since V is arbitrary, & =#. Hence the theorem.

Corollary 3.2.1. Let {T.} be a sequence of operators on X and v a po-
sitive integer such that for any two operators T, T; in {I.} and for any two
members Vy and V, in ¥ and x,ye X

(1’:;8, .’l’;?j) € o;; If;lo“ij Ve ’

if (@, Tiw)eV, and (y, T;y) € V,, where o,; is independent of x, vy, Vi, V.,

® %

and 0 <oay<a<l, and 3 [ TI o f(1—0,,,)] is convergent. Then {T,}
k=1 =1

has a unigue common fixzed point in X.

Theorem 3.3. Let {T,} be a sequence of operators on X such that for any
two operators T;, T; in {T,} and for any two members Vy, Vyin ¥ and x,y in X

(T, Tyy) € sy Viooy; Vs,

if (w, T;wyeV, and (y, T;y)€V,, where oy is independent of x,y, Vi, V., and
0 <ay;;<<1. Further suppose that for at least one pair of operators T, T, in {T,}
satisfying the above condition, 0 <o, <<% Then {T,} has a unique common
fized point in X.

Proof. Without any loss of generality, we can take »=1,s =2. Then
in virtue of the given condition, it readily follows from Th. 2.1 that 7T, and T,
have a unique common fixed peint in X. Liet & € X be the common fixed point
of T4, T,.

Let V be any member of ¥ and p the Minkowski’s pseudometric of V.
Then for any 2, ¥ in X we obtain

T, Tyy)<ople, Tix) 4 aup(y, L;y) .

Now let us take any member T;5 Ty, T, of {T.}.
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Then

p(§7 Tré) =P(T1§7 Tr&)
<oy &, Th8) + o, pl§, T,€)
= “lrp(fa Trf) .

Since 0 <oy, <1, p(& T.&) =0. So (§ T.&)eV.
Since V is arbitrary and X is a Hausdorff space, § =T,.
The uniqueness of £ can be shown exactly as in Th. 3.2.

Note 3.3.1. & is the only fixed point of each of the members of the se-
quence {T,}.

Corollary 3.3.1. ZLet {T.} be a sequence of operators on X and v a po-
sitive integer such that for any two operators T:, T; in {T,} and for any two mem-
bers Vy, Vo in ¥ and 2,y in X

(T:(D, T;y) Eoc,-,- Vloai:‘ V27

if (@, T'z)eV, and (y, T%y) € V, where o; is independent of »,y, Vi, Vs and
0< a;;<1. Further suppose that for at least one pair of operators T,, T, in
{T,) satisfying the above condition, 0 < a,, << %. Then {T'.} has a unique common
fized point in X.

Theorem 3.4. Let {T.} be a sequence of operators on X such that for any
two operators Ty, T'; in {T.} and for any two members Vi, Vyin ¥ and x,y in X

(T2, T;y) €oty; Vioa; Vay

if (y, Tac)eV, and (z, T;y) € V,y, where o;; is independent of , Y, Vy, Vo and
0 < o;; << 1. Further suppose that for at least one pair of operators Ty, T in {T.}
satisfying the above condition, 0 <ot <<%.

Then {T,} has a unique common fized point in X.

Proof. Without any loss of generality we can take r =1, s =2. Then
it follows from Th. 2.2 that 7, and T, have a unique common fixed point £ in X.

Let V be any member of ¥~ and p the Minkowski’s pseudometric of V.
Then for any @,y in X we obtain,

(T, Tiy) <aupy, T:®) + aisp(@, T,y) .
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We deduce that £ is a fixed point common to each member of {Tn}.

Now we show the uniqueness of £. LetneX and To,p=nforn=1,2, ...
Take V and p as above.

Then

P& n) = PTE, Tom)
<oy ThE) + ouep(§, Ton)
= 20,0p(&, 1) -

Since 0<< 20, <1, p(&,n) =0. So, (§,n)eV. V being arbitrary, X a Haus-
dorff space, &=1.

Note 3.4.1. If each o; in Th. 3.4 satisfies the condition 0 <oe; <3,
then &£ is the only fixed point of each of {T,}.

Corollary 3.4.1. Let {T.} be a sequence of operators on X and v be a
positive integer such that for any two operators T;, T; in {T,} and for any two
members Vy, Vo in ¥ and x,y in X,

(T3, T;?/) €o;; Vioa; Ve,

if (y, Tw)eV, and (w, T%y) € V., where ay; is independent of x, y, Vy, V, and
0<<o;;<<%. Then {T.,,} has a unigue common fived point in X.

Theorem 3.5. Let {T.} be a sequence of operators on X such that for any
two operators T;, T; in {T,} and for any three members Vy, V,, V, in ¥ and
z, yeX,

(T, Ty) € o0 Viofis Vaoory; Vs
if (@, Tiw)eVy, (@, 9) €V, (y, Tiy) € Vy, where oy, Bi; are independent of wx, v,
w &
Vi, Vay Vi and 0 <ay<a<<l, 0<f;<1 and 3 []] (0 pp1+ B ip)/ (A — oci’i+1)]

k=1 {=1
is convergent. Then {T,} has a unique common fized point in X.

Proof. Let 4, be an arbitrary but fixed point of X. Define the sequence
{w,} and take V and p as in Th. 3.2. Let

il %y ity + ﬂi,i+1
an=_l;I1 (w———) n=1,2..).

1— Fiyit1
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Write
P, Ty =1,y pl,y)=r, ply, Ty) =71,
and take &> 0. Then
(@, Tw)e@:+e)V, (@yert+aV, @ Tyel;i+eaV.

So by the given condition

(Tw, T;y) € oys(r; -+ &) Vofyy(r + &) Voay(r; + )V,
in view of Note 2.1, we obtain

P e, Tiy) < oylrs + ) + Pulr -+ &) + os(r &)
Since £> 0 is arbitrary

(T, Tiy) <o p(@, Tiw) -+ Bupla, y) + «upy, Tsy) -

Now take a positive number 7 with 1> p(wo, 21).
Then

P&y, T2} = W Thae, Tomy) <o (@, #1) + Brap(®o, @) + o2 p(@1, Z3)

or
o
P2y, )< - &)<ty 2
Pz, T5) = P Loy, Toys) < Koy P(T 4 Xs) + PasP (@1, @) + Uy P(Fa, T3) 4
or

e T P2 . Gz + o

1-—o, 1—ox

Pz, @) <
In general

i,it + 1,1+
p(iv,,,, iﬁn»}.l)\\/\ [H E‘——l“—@———l‘] A= (179 }n. .

f=1 1“““1,:*-‘1

45
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Let n and m (> n) be any two positive integers. Then

p(‘”"? mm) <P($n y m72+1) + p(xn+17 wn.;.z) _}“ vee + p(wm.J} m‘m)

m-—1

< [an + Gpyy + .. + a'm..l])\' = [z a/l.:] A
k=n
<
Since by hypothesis, > @, is convergent, we can find a positive integer =,
k=1

m—1
such that 1> a, <1, for n>n,.
k==q

S0 p(@,, x.) <1, for m>n>n,.
Then we complete the proof as in Th. 3.2..

Corollary 3.5.1. Let {T,} be a sequence of operators on X and v a po-
sitive integer such that for any two operators T;, T; in {T,} and any three members
Vi, Vo, Viin " and 2,y in X

(T:x, T;y) [ iy 1710/9,';,- Vzooc,-j 173 y

if (v, T]@) € Va, (2,9)€ Vs, (y, Tjy) € Vs, where o5, Bi; are independent of =, vy,

© E
Vi, Vo, Viand 0 < ay<oe <1, 0 << f;; < 1, and > [ 1T (@ 41t Brsrd) [(1— o‘t,i+1)]

kel {em]
s convergent. Then {T,} has a unique common fized point in X.

Theorem 3.6. Let {T.} be a sequence of operators on X such that for any
two operators Ty, T; in {I.} and for any three members Vy, V,, Vi in ¥ and
x,y in X

(T, T;y) € oty Viofi; Vioay; Vy )

if (@, T;2)e Vi, (@, y)€V,, (y, Tiy) €V, where oy, Bi; are independent of w, y,
Vi, Vo, Vi and 0 <ay;; <1, B:;>0. Further suppose that for at least one pair
of operators T,, T, satisfying the above condition, 2a,,~+ B.,<1. Then {T.}
has a unigue common fized point in X.

Proof. Without any loss of generality we take » =1, s = 2. Then it
follows from Th. 2.3 that T,, 7, have a unique common fixed point & in X.

Let ¥V be any member of ¥~ and p the Minkowski’s pseudometric of V.
Then for any #,y in X we obtain

(L, Tiy) <osple, Tiw) 4 Baple, y) -+ o Py, Tiy) -
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Let us take any member 1,521y, T, of {T,}.
Then

P&, T.8) = p(11€, T':§)
<o p(&, ThE) + ,3”29(5, &) 4 aplé, Ti8) = oy p(§, T:8) .
Since 0 <oy, <1, pl&, T:E)=0. So (§, T.E)eV.

Since V is arbitrary and X is a Hausdorff space, & = T,¢.
Let neX and T'yp=w, (¢=1,2,...). Then

P& n) = p(1L&, Tan)
<opp(&y Ti€) + up(é, 1) + wep(n, Tan) = Prp(&, 7) -
Since 0<<fp, <1, p&,n)=0. So (§,neV. V being‘ arbitrary, & =7.

Note 3.6.1. & is the only fixed point of each of the members of the
sequence {T,}.

Corollary 3.6.1. Let {I.} be a sequence of operators on X and v a 150-
sitive integer such that for any two operators T;, T; in {I,} and for any three
members Vi, Vo, Vi in ¥ and z,y in X

(T, Thyyeoy; Viofis Voo Vi,

if (@ Tiw)eVy, @, y)eVs, (y, Tjy)eV,, where oy, s are independent of
@y Yy Vi, Vo, Vs and 0 <o;; <1, B> 0. Further suppose that for at least one
pair of operators T,, T, satisfying the above condition, 20, f.,<<1. Then
{T.} has a unique common fized point in X.

Theorem 3.7. Let {T.} be a sequence of operators on X such that for any
two operators T, T; in {T,.} and for any three members Vi, Vs, Vs in ¥ and
2,y in X

(Ti:v, Ty)eo; Ifloﬁij Veoos; Vay

if (y, T:x)e Vi, (@,9)€ Vo, (@ Tiy) € Vs, where ay, iy are independent of x,y,
Vi, Vo, Vs and 0<o;; <1, B> 0. Furiher suppose that for at least one pair
of operators T,., T, satisfying the above condition, 20+ Bre<<1. Then {T.}
has a unique common fized point in X.
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Proof. Without any loss of generality, we take » =1, s = 2. Then it
follows from Th. 2.4 that 7,, T, have a unique common fixed point & in X.

Let Ve# and p be the Minkowski’s pseudometric of V. Then for any
#,y in X we deduce that

T, Ty <osply, Tim) + Buple, y) -+ ayplz, Tiy)
and show that & is a fixed point of each member of {7}.

Then we show the uniqueness of &. .
Let neX and Tinp=19n, (i=12,..). Take V and p as above. Then
(& n) = p(1:€, Tan)
<oz, T16) + Prep (&, 1) + 0uep(&, Tom)
= (2000 + ) P&, 7) -
Since 0 << 204, + fra<<1, p{&,n) =0, So (&, n)eV. V being arbitrary, &= 1.

Note 3.7.1. If each «,; in Th. 3.7. satisfies the condition 0<2s,;
+ f:<<1, then & is the only fixed point of each member of {T,}.

Corollary 3.7.1. Let {T,} be a sequence of operators on X and v be a
positive tnieger such that for any two operators T;, T, in {T,} and for any three
members V,, Vo, Vi in " and 2,y in X

(Tfac, T:y) €oty; Viofiy Voo Vi,

if (y, TiwyeVy, (@, y)eVs, (@, Tiy)eV,, where ay, B are independent of
@, Y, Vi, Vo, Vs, and 0;;> 0, f:5>0, 200+ Bi;<1. Then {T,} has a unique
common fized point in X.

In fine, the author expresses his indebtedness to Dr. P. C. Bhakta, Jadav-
pur University for his kind help and guidance in the preparation of the paper.
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