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A Hellinger-Hahn decomposition theorem. (**)

Introduction.

Many problems related to countably additive measures have been extended
to finitely additive set functions. In [6], for example, the Hewitt-Yosida
decomposition was generalized to s-bounded finitely additive set functions by
using a variation of the Caratheodory process. In [7] the author obtained
generalizations of the Hewitt-Yosida decomposition and the Lebesgue decom-
position to finitely additive vector measures satisfying some continuity con-
dition.

The present work generalizes a Hellinger-Hahn decomposition of the do-
main X of a Borel function (see [5]) in the case where the measure p on the
Borel o-algebra of X is only finitely additive.

The result in [5] can be stated as follows: Let f be a countable to one
Borel function from a complete separable metric space X into another complete
separable metric space ¥. Both X and Y are equipped with their usual Borel
g-algebras and X is further equipped with a finibte measure u. Then X can
be partitioned into pair-wise disjoint Borel sets N, C,, Oy, C;, ... (this sequence
may be finite) such that

(1) p()=0;

(2) u(C;) >0 for each i;

(3) fle, is injective for each %;

(4) the measure induced by flc., is absolutely continwous with re-
spect to the one induced by flc,.
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Canada. - The first Author was partially supported by NATO grant n. 835.
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In this paper we obtain a generalized result by using a variation of the
Lebesgue decomposition (see [7]).

Preliminaries.

Throughout this paper X and Y are both Banach spaces equipped with
their usual Borel ¢-algebras Z(X) and 2(Y), respectively. Let 4 be a non-
negative finitely additive measure on Z(X) and let f be a Borel function from X
into ¥. The funection f is said to be cowntadle to one if the inverse image of
every singleton is either finite or countable.

Theorem 1 (Lusin) (see [3]). Let f be a countable to one Borel function
from X into Y. Then X can be partitioned into disjoint sets A, A,, A,, ... such
that the restriction f|Ayx of f to Ay is injective for each K.

The following is a variation of the Lebesgue decomposition obtained in [7].

Theorem 2. Let m be a finite non-negative finitely additive measure on a
o-algebra 2. If X is a finitely additive non-negative measure on X, m is uniquely
representable as the sum m = m,~+ m,, where m, is A-singular and m, is 1-con-
tinuous.

Note that two positive measuves u and v ave singular (to each other) if
uAv=0. I u and » are finitely additive, then given &> 0 there exists a
set L e 2 such that u(E)<e and »(E') <e. If p and » are both countably
additive, then u(F) and »(E') can both be made zero (see [4]). To distinguish
these two cases, as far as the decomposition of the original set into I and E'
is concerned, in the former case we say that u and v are topologically singular
(see [6]). ’

Decomposition of the domain.

Definition 1. Let 2 and g be two finitely additive measures on 2
- o-algebra X. For £ > 0, 1 is said to be c-approximately equal to p if

sup | A(B)~ u(B) | <e.
BeX
Definition 2. Let 1; and A, be two finitely additive measures on a
o-algebra 2. For &> 0, 1, is said to be s-approzimately absolutely continuous
to 2, if there exists finitely additive measures g, and u, which are e-approxi-
mately equal to 4, and 1., respectively, and such that g, < ..
In the following we will indicate by the notation 4., that the sub-
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seript contains K elements up to the colon «: » If no colon appears then there
are a total of K elements in the subscript.

Theorem 3. Let f be a countable to one Borel function from X into Y.
Then for any &> 0 there ewists a sequence {D;} of disjoint Borel sets in X such
that each D, is the limit of a sequence {Bjj.. of Borel sels satisfying the
following properties:

(1) Bic Bt

-1 - . . . -1
(2) pflsn,, is e-approximately absolutely continuous with respect to uf |an.
(3) Bach B} is a finite disjoint union of Borel seis of the form

n
Bl = AU Az‘+1,22 a1 U Ai+1{_1,22...2:1 .

Moreover the sets A's satisfy the following properties:

(a) The function f is one-one on each A.

(b) An+K’m.,.2 == An+1{,22...2:1u An+1{,22...2;2 .

(c) ,ch[;nlx,zzmm (6 =1,2) is e-approvimately equal to M, koo .0 ONA
Monys 222 = Monyk g..21 + Mnyipz.mzy WHETE Mayzon 2 15 topologically singular
and My g 2020 18 absolutely continuous with respect 10 (Moo -+ Mrisgo.on +
e Mgy on0)-

(a) ,u]‘[;é is  e-appromimately equal 10 (Mga.o + Mryioe.ea + o +
+ Mg 1 20..2:1)-

(&) (Mryy .o T Mrgn oo + .+ 'mn+K,2z...2:21) is absolutely continuous
with respect 10 (M oo + Miq1 200+ oo - Mongk_1,22...2:1)-

Proof. Consider the partition of X into disjoint Borel sets 4,, 4., 4, ...
by Lusin’s theorem.

Let uf|% be defined by Mf];:(B):,u(f];‘:(B)) where B e #(Y). Now uf|}
is a non-negative finitely additive measure defined on #(Y). Given >0,

let & be a double sequence of positive numbers such that 3 &j <e. We set

1.4
m.= puf|;}. By Theorem 2, m, can be written as m,=me + Ms where My,
is topologically singular and m., is absolutely continuous with respect to m;.
Then there exists B, € Z(Y) such that my(B,) < €1/2, Ma(B,) < /2, mgl(B:,) <
< /2. The Borel sets A = f|i(B,) = | and Au = f|MB,) =712} (B,)
form a partition of 4,. For BeZ(Y) we have f| '(B)=f| (BN B,) and
fIZMB) = J|7M(B O\ By). This gives uf| 7X(B) = mo(B N Bo)= myu(B) — mu(B N
N B;) + mu(B NB,)  and /»‘ﬂ;,:(B) = mu(B N B(;) + Maa(B) — Maa(B N By).
Therefore,

]/‘fl;t_m21l<8; and ll‘fl;t—m22]<3}'
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Next, we may decompose m, with respect to ,uf[;lu 4y AS Py == My - Mgy
where mg, is topologically singular and mg, is absolutely continuous -with
respect to uf|7Y,,, Then A; can be partitioned into 4; U 4;, such that

L | o — M| < & and |uf |t — g | < &

A3z

s _ X : o -1 .
Using this method we can decompose m, with respect t0 uf| ' 4. u... vyt 11260
the sum m, = M, - M., where m,, is topologically singular and m,, is abso-

. i . with res -1 ,
lutely continuous with respect to uf| ., u..v4,.,, Then 4, can be parti-
tioned into A4,,\U A4,, such that

]luf[;-:l“ 777«,11[ < 61 - 3;11(1 ‘luflzﬂl m”ZI < 8" !
Let Bf= A,V 4,V ..U A4, and B} = 4,, we have
-1
Mng & if |21 .
Now, we may decompose gy, with respect to my, a8 Mgy = Moy - Maee, Where
Mgy, is topologically singular and mg,. is absolutely continuous with respect
t0 My. Then ¥ can be partitioned into C,U G:, such that

maa(Cy) < £4/2 Mygea( Co) < €12, Mgz (C) < €42 .

Let Ay =f|;2(0s) and Ag,= f[;t C' Then A, and 4., form a partition
of 4, and we have

{,uf[;m My | < & + &5 < &
and

<e-t+eg<e.

W’“Aw — Mo
Letting B = A, we have
Ime— plsil<e  and  me<pfli=pflst.
Letting B} = 4, Ay, we have
[ Moy + Mgny) — pf |22 < & and (Mg Mgan) < |58 -

If we decompose 1, with respect t0 Mg, -+ Mgy We obtain two finitely additive
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measures My, and mg. which are respectively singular and absolutely contin-
uous with respect to o - Mgy and A, can be partitioned into 4,, U A,
such that

|f |32 — mam | < &8 + & <&, |l gt — Mg | < & + &5 < e.

Let B = A4,U 43U 4. We have
s § TRt |
[ (Mgy - Mgay + Mogm) — uf izzgl < g, (Moz ~F Moy + M) K ,LLJIB‘{ .
Similarly, if we decompose m,, into M., and m,, which are respectively sin-

gular and absolubtely continuous with respeet t0 (Mgp - gy ..o - Mny 21)
we obtain a partition A= 4., 4., such that

—1 -1 — 2 P—
[iaf | ey = Mnns | < 6777 F &7 %< e i=1,2.

Let Byj=B;"'UA,,;,. We have

-1
Hmay 4 Mg+ -ov = Mga 21) — ﬂﬂng |<e
and
-1
(Mg~ Migor + ook Mg 01) K Mflﬂ'{ -

So far we obtain two sequences, (B7) and (B]) of Borel sets in #(X) such
that ,ufl;zl,: is e-approximately absolutely continuous with respect to ,uﬂ;%.
Furthermore B is a finite disjoint union of Borel sets: Bi==4;U 4,U ..
..U d,;, where f is one-one on each set 4,,. Also Bj is a finite disjoint union
of Borel sets: Bj = A;U 43, U ... U Ay 01, Where f is one-one on each Ay .
Moreover :“ﬂ::f (¢ = 1, 2) i3 e-approximately equal to m,;, where m,; and m,,
are respectively the singular part and the absolutely continuous part in the
Lebesgue decomposition of m,= uf| " with respect 10 pf (33 1,y ..y ap_s- 10 2ddi-
tion uf|zl,; (¢ =1, 2) is e-approximately equal to m,,; where m, and m,,’n'
are respectively the singular part and the absolutely continuous part in the
Lebesgue decomposition of m,, with respect t0 (1ay -+ Moo~ ... -+ Mp_y01)-

In the next step we decompose My, With respect t0 My a8 Mo == Mysey +
~} Myg0e, Where mgm and M. are topologically singular and absolutely con-
tinuous with respect t0 my,,, respectively. We obtain the parvtition AU
U Ay of A, such that wf|3h,, (1 =1, 2) is e-approximately equal to my;.

With B} = Agp and Bj = Ay, U Agpy We see thatb ,uf[,}si is e-approximately
absolutely continuous with respect to ,uf]l_,lz and ,ufl}gf is g-approximately abso-

. . -1
Iutely continuous with respect to uf|z3. Now decompose My = Msee; + Misgee
with respect 0 Mo -+ Mage, Mezn = Migay - Meaee With vespect t0 myee - Myger -+

222
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—+ Mgy and so forth, we obtain partitions Ag. = AU dsees, Ages== Agosy U
U Agus, ete., sueh that uf|i; (1=1,2) is ¢ apploximafcely equal t0 Mug;.
Let Bi= AU AoV ... U Ap 00 We see that ‘uﬂ o s e-approximately
absolutely continuous with respect to uf|z 2
Continuing this procedure we can cons’muct a double sequence
B; = Age..a Y AK+1 2on2n MU An+K_1,22...2:1 ’

where the A’s are disjoint Borel sets of #(X) satisfying the following prop-
erties:

(1) On each A4, the function f is one-one.
(9) An+1{ 22..2 7 An+K 22,21 Y An+lx 22...2:2 ('n'> K) .

(3) wflansm oe..0q (#=1, 2) is e-approximately equal t0 M, x g o and
My i 22,2 = Moy 22,01 T Mgk o202, WHEYe Myyxso.01 18 topologically singular

and M, ... 18 absolutely continuous with respect t0 (g s...c + Mryr 201+

+ . 7nn+1x-—1,22...21)
(4) Mﬂ;}}f iIs e-approximately equal t0 Mg g0 + Mryrpemm + oo
+ Mgk 120010
(B (Muiroe. 22 + Migom.2m T e Mk o, .221) 18 absolutely continuous
with respect t0 Mg os. 2 F Mryazeen + oo+ Mayr g 20.2a)-
(4) and (B) show that ,uﬂ;;lzm is e-approximately absolutely continuouns
with respect to ,uﬂ 2
We end the proof by putting D,= UB"

n=1
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Abstract.

Many problems related to countably additive measures have been extended to finitely
additive set functions. For example, the Hewiti-Yosida decomposition was generalized
to s-bounded finitely additive set functions by using a variation of the Caratheodory process.
Previously the author has oblained generalizations of the Hewit- Y osida decomposition and
the Lebesgue decomposition to finitely additive vector measures satisfying some continwity
condition. The present work generalizes a Hellinger-Hahn decomposition of the domain X
of @ Borel function (see M. G. Nadkarni, Hellinger-Halm type decomposition of the
domain of a Borel function, Studia Math. 47 (1973), 51-62) in the case where the measure
u on the Borel a-algebra of X is only finitely additive.
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