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SILvio MASSA (%)

Remarks on the growth of an entire function

and the degree of approximation (**)

1 « The main results

Set I=[—1,1]. Let F: I—C be a_continuous function (not a polynomial),
P, be the class of the polynomials of degree at most », p, = p,(F") e P, be
the polynomial of best approximation for F (in €(I)) and e, = ¢,(F) be
the n-th degree of approximation of F (). We have ¢,540 V, .

Let’s consider the function g of the complex variable z

[==]

9(2) = g(&; F) = 3 e,2" ¢, = e,(F).

0

The following Proposition holds.

Proposition. F is the restriction to I of an entire function f if and only
if g is an entire function.
Indeed, f is entire if and only if ¢X" — 0 for n — oo (S. N. Bernstein, [1],).

Let @ be an entire function. By o(p), Ap), 7(o, p) and »(g, ) we denote,
as usual, respectively the order, the lower order, and for every 0(0 < o < o0)
the type and the lower type of the order g of ¢ (2).

In section 3 we prove the following

(*) Indirizzo: Istituto Matematico « F. Enuques », Universitd, via C. Saldini 50,
20133 Milano, Italy. ’
(**) Lavoro eseguito nell’ambito del G.N.A.F.A.(C. \T R — Rlcevuto 8-VIII-1979.

() Le. e, = Max|F(x) — p,() | = Min Max | F(z) — p(x)].

zE€J PEP, x€l

(?) See, e.g., [2], p. 8.
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Theorem 1. If I' is the restriction to I of an entive function f, then
oh=ol; M)=2Up; <lef)=2(e,9); vlof)=2v(e,9).
Theorem 1 and the relations between the sequence of the coefficients of

an entire function ¢ and the order (3), the lower order (*), the type (?) and

the lower type (°) of ¢ give at once

Theorem 2. If I is the restriction to I of an entire function f, then

. nlog n
(1.1) o(f) = lim sup —2o—
, .. .My logm,_
(1.2) Mf) = Mo lim in {Tgé—f;h—‘,
2
(1.3) o, f) = o lim sup neg’,
(1.4) (0, f) = 2¢ Max lim inf ¢, e707m/m ¢, /"

{m}  h—>oo
where

N, log €, — a1 log e,
(p"n = *

My — Np_a

So by a simple proceeding we obtain contemporarily the results of
S. N. Bernstein ((1.1) and (1.3): see [1], , see also [8]) and J. P. Singh ((1.2):
see [7]), moreover we obtain the lower type of f via the degrees of ap-
proximation.

2 - Consequences and remarks

Corollary 1. If at least one of the right hand sides of (1.1), (1.2), (1.3)
is finite, then F is the restriction to I of an entire function f and (1.1) to (1.4) hold.

(®) See, e.g., [2], pp. 9-11.
(%) See [5].
(°) See [4].
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Indeed, as ¢, = 0 for n — oo, the assumption gives e’ — 0, hence ¢ is

entire. Then Corollary follows from Proposition and Theorem 1.

On the contrary, if the right hand side of (1.4) is finite and that ones
of (1.1), (1.2), (1.3) are infinite, it does not seem possible to ensure the exist-
ence of the entire function f. Indeed there exist non entire power series
> ¢,2* with e,}0 such that the right hand side of (1.4) is finite for every

positive o. E.g. consider the function h(z) = > ((n 4 1)/2n)z». We have
1
P, €0 ’""e,ln"/“"—» 272 hence the right hand side of (1.4) is positive finite for

every ¢ > 0, while, as % is non entire, the right hand sides of (1.1), (1.2), (1.3)
are infinite.

Corollary 2. If the right hand side of (1.3) is positive finite for a cer-
tain 0, 0 << o < oo, then [ is entire and o = o(f).
Indeed in such a case the right hand side of (1.1) is 0.

A similar statement does not hold for (1.4). Indeed there exists F restric-
tion to I of an entire function f such that the right hand side of (1.4) is posi-
tive finite for some o == o(f). X.g. consider

f(&) = 3 ayet™ where 2, =1, 1, = exp (L) and a, = (g ip_,) ™).
n=3
f is an entire function of order oo (and of lower order 1). For every {nh}Too
we have @, = A, A, — 2 (1 -+ o(1)) and then »(1,f) = 1. By Theorem 1
the same must happen to the right hand side of (1.4).

Remark 1. If the right hand side of (1.3) is zero, then o(f)y<po and it
can be, obviously, o(f) < ¢ too (°). A similar statement does not hold when
the right hand side of (1.4) is zero. Indeed there exists F' restriction to I of
an entire function f such that the right hand side of (1.4) is zero for some
0> off). E.g. consider f(e) = ¥ A1) 2,=1, 2,— exp (A,_,). f is an en-

n=1
tire function, o(f) =1 and, for every o > 0, »(g, f) = 0.

Remark 2. Let’s now consider the case {en/e,, +1} non decreasing. If F
is the restriction to I of an entire function f, then (1.2) and (1.4) can be re-
placed by the more simple formulas (7)

(®) In spite of what said in [8] Theorem 2.
(*) See [6],,, [4] corollary 4.
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. . . nlogn
(2.1) Mf) = hglglf “Toge,’
2e . .
(2.2) ‘V(@, ;f) = ;2—9 lim inf 7’2,6"0/” .

Vice versa, as in the case we are considering there exists

lim ¢X* = lim ¢,,/e, <1,

n—>0 n—>o0

if the right hand side of (2.1) is finite, then I is the restriction to I of an entire
funetion; if the right hand side of (2.2) is positive finite, then I is the restrie-
tion to I of an entire function of lower order g (%).

3 « Proof of Theorem 1

For every r>1 let E, be the ellipse

[e—1]+]e +1<r ot
and let
B, = Max|[f(2)].

z€E,

From |p,(#) — Paa(®)]| <26, for eI, we obtain (see e.g. [3], theor. 7,

p. 42)
|D2(2) — Payal?) | <2e,0%7r Vee k..

From the above bound it follows that the series

po(z) + z (pn-{-l(z) - pn(z))

(converging to f(z) for ze 1 ) converges to f(z) for every complex # and, more-
over, that

Vee B AP >1  [fle)|< e+ D 2«071 il gy -+ 20g(r) < Krg(r)
o

(8) Indeed the right hand side of (2.1) is .
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(K suitable positive constant). Henece for » -+ oo

(3.1) log g(r)>1log B(r) -+ O(logr).

From the well known upper bound (see, e.g. [3] (6) p. 78)

€r < Zj?fgl) o7 Yo>1AVn,
we obtain for every »>1
g(r) = ﬁ::enr"< Blr +1 2(7 +1 =20 —:IB(T +1)< 4B(r 4 1)
and then, for » — co
(3.2) log g(r)<log B(r + 1) - 0(1).

From (3.1) and (3.2) it follows

sup log log B(r) | (0, 9) _ lim SUP log B(r)
’ v(e, 9) _r—>°° inf re )

olg) ..
38) g T it Tiogr

Let M(r) = Max |f(2)|. Obviously for every »>1
fel=r

T By < (. +27'_1).
As (for 7 — oo)
log ! :}irl ~logr, (7‘ :;T_l)e~ 2-e e Yo> 0,
we obtain
R e I R

The Theorem follows from the comparison between (3.3) and (3.4).
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Sunto

Data una funzione I' continua sw [— 1, 1], sia e, lo scarto di F dal polinomio di
miglior approssimazione di grado al pid n. St costruisce mediante la successione {e,} una
funzione analitica g della variabile complessa 2. Essa & intera se e solo se I' & la restri-
zione a [—1, 1] di una funzione intera f. In questo caso si ottengono Vordine, Uordine
inferiorve, il tipo ed il tipo inferiove di f da quelli di g. St determina cosi il tipo inferiore
di | mediante Vandamento della successione {e,} e si riottengono aliri risultati noti sul-
Paccresctmento di f.
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