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S. MARCHI ana T. NORANDO (¥)

Homogenisation estimates for variational inequality

of parabolic type (**)

1 - Introduction and results

We set Y=T][0,y,]cR* (n>1), 170=[0,k]CR, k>0 fixed. Let
=1
7 = ¥ X1,; we consider functions a,(y, 1) € C*(n), ¢,j =1, 2, ..., n, such that

n
> ay(y, 1)&:&> 02, «a>0 VéeR", ae.inm.
1,i=1
The a,;, can be extended periodically to R"xR.
Let us associate the family of operators Pe to the.funetions a,; defined by

0 a0 z 1.0
(1.1), P8=§~E§E(aij(;,—)%) (e >0),

i,j=1
where ¥ = ¢y, { = e¢r. And we set

o 0 2": o 0%
(1.1) =g &% om; 0z’

i,5=1

where ), are suitable constants such that Po is the homogenization operator
of the Pe[1].

(*) Indirizzi: 8. MarcHi, Istituto di Matematica, Universitd, 43100 Parma, Italy;
T. Noraxpo, Istituto di Matematica del Politecnico, Piazza L. Da Vinei 32, 20133
Milano, Italy. )

(**) Lavoro eseguito nell’ambito del G.N.A.F.A. (C.N.R.). — Ricevuto: 2-XI-1982.
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Let 2 be a bounded open set of R with smooth boundary 902 and 7'> 0
fixed, we set @ = Qx (0, T).

For any given function y € L¥(Q), we set KV={v[v € L*(0, T'; HYQ)),v<p
a.e. in Q). We assume y e CPP(Q), u,e C/(Q) (0<p<1).

Let us= S¢(y, u,) be the weak solution, for any >0, (in the sense of [5], [107)
of the variational inequality

{Peue, v — us> >0
YoeKY, wekK?, us(0)=u,.

We have, from {31,

(1.3) el oppry<C (620,

where ¢ does not depend on & and {u°}, , converges weakly to u, in
L0, T'; HY(LQ)) for ¢ — 0.

We can proove, by the same method used in [1] for the elliptic case, that
{u},., converges strongly to w® in L*(0, T'; H,(Q)) for & —> 0.

In this paper, we give estimates on the rapidity of convergence in depen-
dence on the smoothness of p and «° In particular we prove the following
results.

Theorem 1.  If we assume, for same r>n -1, that (1) [Py],m<C
for amy >0, (ii) wo= p(+, 0) € Wr(Q), (iii) uo€ W(Q) N HY(LQ), (iv) 3 af
(02u,[0x,; ;) € HY(L2), then #i=1
(1.4) : e — 1ty | oo < €' &2/,

Theorem 2. If we assume, for some r>n -1, that (i) ye Wr=(0, T;
W-1r(Q)) N L0, I'; Wor(£2)), (i) wo= %(-, 0) € L*(£2), then we have
(a) if woe W>7(Q2) N HY(Q),

(15) “ UE — 340 “LOO(Q) <(- g lalntaa) ,
(b) if u € W (Q),
(1.6) [l2ee — w0 I{Lw(0)<c.8ald(n+3a) .
Theorem 3. If, for some f(0<p<<1), we have (i) ye CPPEQ), (ii)
1, € C8(0), then

(1.7) Jawe — "‘OHI,oo(q) < (- g*Blalnt3a)
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Gt

2 - Preliminary results

We consider now, for any ¢>0, the penalized problem
L3 1 £ &
(2.1)., Peys - 3 (i —p)r=0, wuj(-,0)=u, (a>0),
We proove two lemmas.

Lemma 1. If we assume that, for any ¢> 0 and for some r>n -+ 1,
) [ Pe9p] gy < €y we have

(2.2) [Pewlrg=C  for some & 4,
(2.3) g — we | uro,2; myan < C2% .
Lemma 2. In the same hypothesis of Lemma 1, we have

(24) 15— 0 g = G- 2.

Proof of Lemma 1. We multiply (2.1),, by [(1/A)(w;— )], we
obtain

s P — ), [ — )T -+ 2 (s —p)H)

)
= o P [l — M
‘We have
] .]__ T
=ty H i — )t HU(QH‘ 7 (g — w)H () || 2
;r S Pep(@) | o I (uh — »)* 7@,
and, by (i), we obtain for any ¢ (0 << T)

1 4 4 —
e (g — |i1f(m+ (wi — 9 [ Zrax,m < 7 Of (s — ) (s) ||z ds .
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Then we have [(uf— )*(s)

roy<ci a.e. se(0,t) and
1 ! £ 4o va
(2.5) 7 M=) <0  for any ¢4,

and, by (2.5), (2.1),,, (2.2) follows.

We assume now v = uj — (u; — 9)* in (1.2),, (we observe that u; — (u; — p)*
€ k¥), and we multiply (21),, by w—uj, we K¥. We have

(2.6) Peusy (i — ue) — (ui —9)*> >0,

1
(2.7) (Prugy 0 —ug) = 5 (w5 — P, 4 —w> >0

By (2.7), we have in particular
(2.8) V {Peus, us — us) <0 .
By (2.6), (2.8)

Pe(ug — o), wh —us) + (Peusy (wj— )™ <0,
1d [ ¢ 2 € e 2 £ & +
BT (03 — u®) (8) | T2+ o] (20§ — ue) (2) Iz <[(Peus)(t) ]](4’(9) I — 2)H(t) |2 -
Then, in virtue of (2.5), (2.2),
r
(2.9) _ Jlls — we] gy (D) A2 < CA .
0

Proof of Lemma 2. Let o be the De Giorgi-Nash index, dependent
on Pt and #[7], by Lemma 1 we have

(2.10) flaeg IIC“’“/2(3)<,Ov",
We consider now the extensions of % and u¢ by zero from @ to R+, We fix
a point (2, ) € @ and a real positive number g such that #, + g2<< T, {,— 02> 0.

We set, for any t (0, 1),

Blo, 1) = {(z; 1) | [ — @ | < g},



[5] HOMOGENISATION ESTIMATES FOR VARIATIONAL INEQUALITY ... 477

and we consider the mean value of |uf— u¢| over the cylinder having basis
B, = B(g, t,— 0% and B,= B(g, t, + p2) and height 2p2.

Lo et < T = e 00
— Tr——— Wy —ut | dedt < — WUz — UE|| 1n 1) di
20* wiet [B(o D] sy Sog e T Mreea DG
¢ tote?
<5 [ | Blo, )& g —us] g (1) d2
29“ tp—0?
o ,
< 0_02 I-B(Q,t) (z—n)/(a+n)(2Q2)1/2Hui__ugnl’g(o,a,;ué(g))<0}y1/29—n/2.
< )

Then in the cyclinder, by (2.10), we have
(2.11) [u5(, 1) — w(w, §) | < O-AM2g—r/2 1 Cp~,

and, choosing AY?= g2l we prove (2.4).

3 - Proof of Theorem 1

We apply the multiple scale method to the problem (2.1),,: We observe
that, by hypothesis, we can assume .

(3.1) o ug € I2(0, T3 Wor(Q) N H(Q)) .
From (3.1), (iv), ([8] p. 341),

(3.2) ul € Wa(Q),

and, because in this case Poy e L=(0, Tl; Lr(Q)),

(3.3) (g — )t e Wov(0, T'; L1(2)) ,
(3.4) (g — Po)r==0.

Therefore, by (iii),

ouy C
(3.5) I i wad(q, <=,
. 0 c
(3.6) 1931 s000, 2 warray < 7"
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We set, as usually

Pr=¢g2Q, + Q. + @,

b 0
where: Q1=A1, Q‘z:g_;'f"fley Qs—‘“ As, 111:'_'2[8 a:;5(y, T)@:])

fyj=1

) 0 0 0
xig: —E [ 87/, (a‘if(ya T) —a—m';)_ _a‘?v‘(aij(y’ T) ay )]’

i i

0
:'—“Z a (LIJ:I/J )%)7 T:t/";? /‘I/:;L‘/g,

i3J=

We can write: ve= u} 4 ey + &2y, where y,= iz, 9,8 1) (j=1,2) are
Y-periodic in y and t,-periodie in 7.

We assume w = 4§ —v* and we have

(3.7) Pewj + -

Do b=

1
(W= )T (W et et — )Y
] 1
= — Qg2+ Qoyn + @l + 3 (u3 — p)*]
2 1 0 : 1 U 2 +
— (@t Qo) — &2Q5 xo + 7 (u — )™ - i (ug + &g+ EEp—P)".

‘We choose now

au
(3.8) = 30y, 1) 22,

=1 i

where A,(0; —y.) = 0, 0,(y, ) is Y-periodie in y and r,periodic in 7; then
0.y, 7) € C*2(¥ X 1,) and, by (3.7)

3.9 Byxrg; 12000, 7; WHT@NAWI Q< 5 -
2

From (3.8)

C
(3.10) € 21 ”02’2(uxn; Q) < T
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We choose y, such that the first terme in the second member of (3.7) vanishes.

We have

(3.11)

The resolubility condition of (3.11) is given by the equation (2.1)

(3.12)

(3.13)

We estimate now Q..

{3.14)

1
Qe+ Qo+ Qa3 - 2 (wy—p)t=0.

L2

Moreover we obtain

(3.15)

o2t (xeas 25000, 75 whoT (@powter (0,25 27(2) < 1’

¢

HQe Y43 Ho?"’(yxn; 190, 1; Q) < 7 -
A

oy

y £

We observe that

¢

101’0(’HX'!0; @) < i

f

ellds e HL‘X’(o,T; WL () < T

¢

0,4°

We obtain

For this purpose, we have, for any ¢ € Wir'(Q), where 1"+ 1fr =1,

N

el
&3

Il
-

a.e. in te 63’.
From (3.9) ... (3.15),

(3.16)

(3.17)

S
= oy

M=
e,
IS QD
il B

n 82A N
le 2 {agly, ) —-{é“—, 28

iyj=1

i

2k, 9, 0, T)

ox; 0%,

022 (uXrg; 209(R) S 70
(3

22y 4, 0, T) n02’1 (vxze; 199(2)) <

8l

¢
<

0
@y ) 9l@) + auly, 7) 5] dv< 0,
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Then we can write (3.7) in the following way

1, 1 , .
(3.18) Pewsi 4 3 (us — w)*‘——i (ve— )yt =0, wi(0)=1,,

where
1

C
(3.19) 10 Naooto,z vt cam <& [71el] zooian <

>l

By the same methods used in [3);, from (3.18), (3.19) we have |

<e(C]4) and therefore

(3.20) 48— 20 jo0iqy << C(AM B2 )1y |

choosing 1 = g0/t in (3.21), we have (1.4).

4 = Proof of Theorem 2

At first, we give a regularization for the obstacle.

{8]

| w} | °9(0)

We consider, for any #,e (>0 and £>0), functions which are the pa-

rabolic regularizing of ¢, defined by
(4.1) : nPl vl =v,  pl0)=1y,.

It is well know that 9” are Holder continuous [3],.
We make now a change of variable

Yi=vVnw, (i=1,2,...,n), T=nt, n>0 VxR,

The operator Pe= P¢ is transformed into an operator P, and we have

2 n 8., 2 5 a0
3) Poy=m =3 m-(al@ )5 ) =0 [5-—2

1551 0%; iyi=1 5@
If we consider v = y(y, 7), we can read (4.1) in the following way

nPZ,,wZ(z/, ) + 9y, ) = 9y, 7).

£ a &
(a’ii(?/y 7) 537; )] = 771)1/,1 .
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We set wi(y, 7) = A /)vi(y, ) — p(y, 7)], then
P iy, ) + wily, 1) =0,
Py iy, 7) + 9y, ©)] + wi(y, 7) = 0,
(4.4) Py wi(z, )+ wiw, 1) = — P vy, 7).
We can apply to (4.4) the I estimates [7] and we obtain
(4.5) 1202(%, ) | yoo@) < 190 T oo,z wrorcayy <UHIW@, D) googo,z wor (2 5
and by (4.5)
(4.6) 19— Pl <Ct  Ve=0,
(4.7) [P oy <CF V0.

We give now a regularization for the initial value 1,.
In the case (a), we define, for any 5 > 0, «f by,

(4.8) AU A ul = g, .

It is well know that ] are Holder continuous[3];, and therefore

(4.9) 2 — o]l joogqy < O - 1%

(4.10) 1A% [ ooy < €177

then we have

(4.11) 0 — ] ooy = 18520, 6) — S°(3p, o) |

< || S¥(yp, o) — ST, o) | 4 8w, o) — (95 ug) |

+ [8e(p], wg) — Sl W)l + 8], ) — Sl o)
+ 180, wo) — 8o, wo)] -

We observe now that, by Theorem 1 and (4.7), (4.10),

I8, ) — o, u) | < €052 o,
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and any other terme in the second member of (4.11) is smaller then C-n# by
(4.6), (4.9) and previous considerations.

Choosing in (4.11) 5 = /=30 we have (1.5).

In the case (b) we apply twice the method used in (a). We obtain at first
the regularizing funetions in W»r(Q2) N HL(L) and afterwards in W#r(Q).
Then we have in this case

(4.12) T A S R
(4.13) 140w ooy < €™,
and so

[Se(p?, ul) — Se(yl, u,) ”L‘X’(Q)< 0.771/4 ’

igs'g(w’é’ W ) So ’lp" ’ll ][ <(O- 8"(7L+3\) 7 3/4 .

Loo(g) =

Then choosing 5 = e+ in (4.11) we obtain (1.6).

5 = Proof of Theorem 3
In this case we consider, for any %> 0, the Friedrichs regularizing fune-

tions g, and wu; of v and w,, namely

2 g
7/)k(.1’, t) = ,f .f P(z, 0)1/) (@ —']"G) t_TU) dzdo ’

lzll<1 Jol<a

Uy(x) = “j;l q(2) u, (10———l ) dz,
where
s C-ex (---1_) i 2 2
P(z,0) = < AT Jolr—1/ W lelP+ loli<t [] p(z,0)dzdo=1,
0 it el Jol2>1,
> 1 .
q(z):<0.exp(——z 2__1) it Jz| <1 Taz)de =1.

0 it o >1
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We have p, € 07(Q) and u, € (7 and we know that

(5.1)

%Ewk‘ - "/";;,00(@) <C-kP, ”"/’A | Wl ®(g) < C-F,

[0, — 10, “1,00(0) <C-k7, flae HWL ®0) S G-k

Then we obtain

(52) ”/“8_—‘ U U[,OO(Q) = “Se(% uﬁ) - S"('%Ua MO) EILOO(Q)

< ”S‘E(wy uo) - Se(y)k) 'll'O)NJ,OO(Q) + HSE(WM '“o) - SE(WI;: 'u’k) ”Loo(Q)
'TI‘ ” Ss("/}k) u’k) - SO(WM uk) HLoo(Q)+ NSO('(/)I;; /u'k) - SO(WIM o ”L°°(Q)

F 80 (9iy ) — 809, 20) | yooggy -

We observe that, from Theorem 2 and (5.1)

Hse(wh, 'u'/:) - SO(WIH /u'k) }ILDO(Q) < ¢ '5“/4(1&3“) g

and any other terme in the second member of (5.2) is smaller then C-%—7.
Choosing k1= g¥*(+3%) in (5.9), we have (1.7).

(1]
(2]

(3]

[4]
51
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Riassunto

In questo lavoro si danno stime della rapidita di convergenza della soluzione di una dise-
quazione variazionale di tipo parabolico verso la soluzione del problema omogeneizzato
in dipendenza della regolarita dell’ostacolo e del dato imiziale.
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