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HaroLD EXTON (¥)

On certain series which generalise

the Neumann and Kapteyn series (*%)

Introduction

This note deals with the proof of certain series of a purely formal nature
which generalise the Neumann and Kapteyn series in the theory of Bessel
functions. The methods employed include the elementary manipulation of series
and the summation in closed form of some of the simpler hypergeometric series
of unit argument.

Lemma 1. If C(u) is an arbitrary function of u and if
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Proof. Re-arrange the series
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(*) Indirizzo: «Nyuggel», Lunabister, Dunrossness, GB-Shetland ZE2 9JH.
(**) Ricevuto: 28-1-1987.
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Form=0,1,2, ..., it is found after some manipulation that the coefficient A,
takes the form

vl'(v)

(1.5) To+m+ Dm!

offo(v, v2+1, —m; w2, v+m+1; 1).

This terminating Clausen function is well-poised and an application of Dixon’s
Theorem ([1], p. 21) shows that A, vanishes for all values of the index of
summation m except m =0 and that A,=1. The lemma is thus established.

Lemma 2. If C(u) is an arbitrary function of u and if
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then we have the formal result
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- Proof. This Lemma is established in a rather similar fashion to Lemma 1.
Re-arrange the series

& I'iv+ k) &
2.3y K= gomlf.,ﬂk as 24 K= E;oBm CG2+m).

After some manipulation, it will be seen that By =2 and, form=1, 2, 3, ...,

2.5) B,
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Repeated trials with progressively increasing values of m=1, 2, 3, ...,
indicate that the hypergeometric polynomial on the right of (2.5) vanishes for all
integer values of m>0. We now observe that the expression for B,, is
independent of the form of C(x). Put C(u) = (2%4)* and note that, with this value
of C(w),

2.6) Y. =J(2) .
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It is well-known from the theory of Kapteyn series that, formally at least,

©  T+k
(2.7) (2/2)" = v2 (l+—(2lk;)v+l)W~J"+2k[(v + 270) Z]
k=0 .

([2], p. 571) so that B,, vanishes for all values of m=1, 2, 3, ..., and the lemma is
proved.

Lemma 3. (This is a generalisation of Lemma 1.) If C(u) is an arbitrary
SJunction of p and if

. (C1Ce=—=+7)
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then we have the formal result
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Proof. Re-arrange the series
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For m=1, 2, 3, ..., the coefficient A} may be written in the form
= (=1y(+[h+ +7
3.5) A= — (=1 G+h+ 1T +7)
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This series may be expressed as a Clausen function. However, no known
hypergeometric summation theorem can be used to tackle this function since it is
well-poised only when =1 and this case has already been considered in the
proof of Lemma 1. We now show by other means that the expression (3.5)
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vanishes unless m =0

v o (Y =h+ v+ h+ 1y +[h+ 19T +7)
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This result may be re-written in the form
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and Vandermonde’s Theorem ([2], 243) then gives

. I'v+1)
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As usual, the Pochhammer symbol (a),, is given by

3.9 @p=ala+D(@+2)...a+m—-D=I'a+m)=Ia+m)(a) (a)=1.

It is clear that the coefficient A§is equal to unity, so that the lemma is proved.
Conclusion. Lemma 1 may be obtained by putting =1 in Lemma 3, and

if we put C(x) = (2%/4)* in Lemma 1 and Lemma 2 respectively, series expansions
fundamental to the theory of Neumann and Kapteyn series are recovered. It



[5] ON CERTAIN SERIES WHICH GENERALISE... 279

must be stressed that the results given in this note are purely formal as they
stand, and the convergence of any series arising from specific forms of the
coefficient C(u) must be investigated separately in each case. Such special cases
will be the subject of detailed study in future papers.
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Summary

Formal series of a general character are introduced which extend the Newmann and
Kapteyn series which occur in the theory of Bessel functions.
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