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JOSEF DIBLIK (*)

One theorem on asymptotic behaviour of solutions
of a certain system of quasilinear differential equations
not solved with respect to derivatives (*%)

1 - Introduction

In this paper we consider two systems of singular ordinary differential
equations

ey 9{®) yi = @@ y; + 0@) + 1, Y1, oy Yo Y1, oY) (G=1, L, W)
@ gzl = af@) z+ wf®)  (G=1, ..., n).

The following problem for (1), (2) is posed: If z(x) = (z(x), ..., z, ()T is a
solution of (2), is there a solution y(x) = (#:(x), ..., ¥.(x))T of (1) such that for
r— 0% y(x) ~2(0) ~ i) (=1, ..., n) where o) = (p,(%), ..., o, (2)T is the
asymptotic representation of solution z(x) deduced from its integvel from?

The point (0, 0) may be singular point for these systems. The functions g(z),
a{®), wlx), f{5, Y1, -y Yu, Yi, ---, Ys) satisly some mentioned further condi-
tions, but it is possible that g:(0*) =0, a,(0%) = w;(0*) =« and f{0", ¥1, ..., Yu, ¥,
cn Y= if y;, y/=const (=1, ..., n; j=1, ..., n).

Some related problems for systems solved with respeet to derivatives were
studied in the case where w;=0 (i=1, ..., n), for example in papers [2], [3] and
in the case where f;=0 (=1, ..., n) in papers [1] and [4].

(*) Indirizzo: Katedra Matematiky Elektrotechnické Faculty vuT, ul. Hilleho 6, CS-
602 00 Brno.
(**) Ricevuto: 24-XI-1987.
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2 - Preliminary lemma
We consider the scalar equation

@ 9@y = al@)y + olx)

and give the asymptotic formula of its particular solution if x— 0. We will

suppose that there are such functions f{z) and w'(x) that (g(x), a(®), o(®), fx),
wl(x)) € O that is if the following hypotheses (Q)-(Q,) are satisfied:

Q) 9@ eCH0, ], 0<x,=const, 0<g(@) on (0, xol, ax)e CO, x;
wl(®) € CHO, x), @) #0, |w@)—o(x)] <1 on (0, x; liror} (@) [ ()] = 1.

Q) flw)e CX0, ml, fla)#0, gl)f'(x) # a@)flx) on (0, w].
Q) lim A, x)=A  where A=0 or A=

) . ta(s)ds
—fl(xy -’130) hd %(xy f(x)) exp f g(s)

Lo, fl@) = (@) f@) [g@) (@) — a@) fa)]™ .
Q) lim 7y(w) = 0 where (@) =[ File, flo) (Fa) ™1 fiz) g@) (@)™ .

Lemma. Suppose that (g(x), a(x), o), fx), o'@)eQ. Then there is
such particular solutions y(x) of equation (3) that y(x) ~ Lu(x, Ax)) as x— 0F.

Proof. We choose the particular solution y(x) of (8) in the integral form as

(t) sp [ 2 a(s)ds

9@ P g4

@) y(w) = f (==
where x; = 0% is put if A=0 and x;, =, if A=1c. From (4) we deduce that

Y@= [ LOdt+ [ b Lo dt
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als)ds

Flt, S
.ﬁhﬂﬁmoﬂj'()L nd (@) = w(@) — w'(x).

f®
Integrating by parts we obtain

where L=

[ L®dt= Aw, fw) — Flw, © — L

1(t) f = a(s) ds
ORI O

By means of condltlon (Qz) we may verify that

where ILyx)= f (5t) —=

1» —%(%11 x) lim -;P’l(xly xO) —
20" ,fo(a, f@) ot Llx, xg)

Let us show that
liml(x)=0 where Iy(w)= L) [ Hilx, fxN]™ .
i)

At first we suppose that xz, =0" and choose such monotically decreasing
sequence of positive numbers {x,}—0 that for x [0, x,] the inequalities

| Awl<t, ELCIRNPS

Lo, f@) (n 2, 3, ...) hold. Then it is easy to verify that

1) < (ke @)™ 108 <0+ )

and consequently, |I;(z)| < ;zzz_nt% Therefore I;(07) = 0. If , = x, théiw we may
rewrite Is(x) in the form
wl(t) o a(s) ds
I1;( E—,——— t dt .
W= TS e [ 205

If the numerator of this fraction converges at &— 0* then in view of pressum-
ption (Qs) we conclude that I3(0%)=0. In the opposite case, using L’Hospital’s
rule, we obtain

L)

TP W R

hm Iy(x) =
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Similarly we can prove that
Iim( [ L@ A [ @ L) dt]1=0 .
0"y xy

The lemma is proved.

3 - Result

Let us denote Y@= (YP, ..., YP) (=0, 1);

_ Fal(s)ds
nix, Y)=2{x)+Y;exp %f 948)

where: ¢=1, ..., n; 2(x) are the coordinates of some particular solution
2(x) = z,(x), ..., 2,27 of system (2); £=(&, ..., &) with

=&k, Y, Y")

* a{s)ds

pJ

=ex ﬁ(xy nl(x, Yl); LEES) 77n(90, Yn)y 771(“/‘; Yl) seny ﬂ;z(x’ Yn)) .
o 9i8)

Further we will consider the system
6)) Y =&, Y, Y)

in the region D[(z, Y, Y'):0<z<uz, |Y||<&@), |Y'|<dx)], where |-|
is the Euclidean norm, 0 <é(x) on (0, x,], &(x) € C(0, x,], (=0, 1), 8§(0*) =0,
= a(s)ds

lim ¢

=0@G=1, ..., n), fxé‘l(t) dt < dy(x) on (0, @l

Theorem. Suppose that there are the functions fix), oi(x) G=1, ..., n)
such that the following assumptions (Qp' ... (Qy' for (i=1, ..., n) hold:

Q)" 9i@) e CHO, mo], 0<gi(w) on (0, @o]; ai(®), wiw) € C(0, @, wix) C1(0,
%o, wi®)#0, [wi(w) - w%(x)l <1 on (0, x; lin} @i (x)] ™ =1. )

Q)" filx) e CH0, ], filw) # 0; gi(x)fi(x) # aiw) fi(x) on (0, wo].
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(Qs) lim Zi(x, x) =A; where A;=0 or A;=»,
220"

, fads)d
L, xo)= Lo, filx))exp If a;is()s)s

2

Lo, fia)) = o} (@)fix) [ga) fi(@) — al@) fila)] ™ .

Q) lim Z(x) =0 where (@) =[x, fi@)) @)Y é_(%i%()gcl .
Then there is such particular solution z(x) = (2:(x), ..., 2,(®)" of system (2) that

for x— 0% the following representations
(6) 2{(%) ~ o)
where ox) = Lulx, flx) @=1, ..., n), hold.

Proof. For eachi=1, ..., # the inclusion (g:(%), &), w(®), fi®), w}(x)) €Q
hold. Therefore for each equation of system (2) the conditions of Lemma are valid.
From conclusion of this lemma the conclusion of the theorem follows immediately.

Main theorem. Let the pressumptions (Q))' ... (Qy)' of theorem hold. Let,
moreover, in region D the following assumptions be satisfied:

Kz, Y, Y)eC la@, ¥, Y)|<a@)
le@, 7, ¥)—&@, ¥, T)I<M|T-Y|+N[|7T -7

where 0<M, N = const, N <1 and z(x) is the particular solution of system (2)
given by previous theorem and represented by formulas (6).

Then there is such solution y(x) = (Y1 (x), ..., Yy (2N of system (1) defined on
0, o] that the following representations

y{x) ~ z{x) (=1, ..., n)

as x— 01 hold.

Proof. Let us put in system (1)

, _ * as)ds
@) y; = z{x) + Y; exp x,,f o)
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where Y, (i=1, ..., n) are new variables and 2(@) = (z(x), ..., z,(®)7 is the
above-mentioned particular solution of system (2). Then Y (i=1, ..., n) satisfy
to the system (5). We prove that there is such solution Y(x) of (5) that
(z, Y(@), Y'(®))eD on interval 0, xo]. At first we prove that the system of
implicit equations w=¢&@, Y, w), where w=(w, ..., w,)", defines in the
domain D[0 < <, || ¥||< éyx)] unique solution w =w(x, ¥)e C(D,) such that
there the inequality |w(z, Y)||<¢i(x) holds. Let A be operator acting by
formula Aw =&, Y, w) where (v, ¥, w)e D. Then Awe CWDy), [|Aw| <)
and for w' where |w'l|<éy(x) (i=1, 2) and for metric o', u?) = lw! —w?| it
holds: o(Aw', Aw?) < Ne(w', w?). Therefore A is the contracting operator and
from this fact it follows that above formulated affirmation is true. Consequently
the system (5) may be in the region D; rewritten in equivalent form

® Y =w, ¥)

where w(x, Y)eC, [w, V)|<&() and moreover |w(x, Y)—w, V)|
SMQA-N)Y - Y| Further we will apply the norm @) [P = sup [Ju@®|
te(0, x9)

and the metric o(u'(®), ¥(®))=|lu®) —uX@)[ to the set of functions
U= {ufx)} such that for w(x)e U: (@, u(@)) €D, on (0, x,), where x,= const,
0<@<min{M~'(1-N), x,} and u(x) e CO, z,). Let B be operator acting by

formula Bu(t) = [ w(t, (t))dt where u(x) € U. The operator B maps the set of
0+

functions U into itself and, moreover, s(Bu!, Bu?)<(1 =N Muo(u!, u?) if
wl, ule .

Henceforward operator B is on interval (0, w,) the contracting operator and
problem (8) has a unique solution Y(z) such that (=, Y(x)) e D; on (0, ). In the
case when M1 — N) <z, holds we may continue this solution continuously on
interval (0, x,] in accordance with classical existence and uniqueness theorems
and in view of inequality || Y"(x)||<&(x). Consequently on interval (0, x,] the
inclusion (z, Y(x)) € D; holds. Finally from the substitutions (7) we conclude that
there is solution y(x) = (y,(x), ..., Y.(2)" of system (1) such that

N _ Fafs)ds, = as)ds
I94a) ~ 2] = [¥ie) eXp:of 94s) | < @) exp of 9:8)

(i=1, ..., n). Right-hands of this inequalities converge to zero if x— 0* and this
fact concludes the proof.
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Zusammenfassung

In der vorgelegten Arbeit wird der asymptotische Charakter der Losung des Systems

von Differentialgleichungen g{x)yf = a:{@)y; + of@) A +£(&, Y1, -y Yno Y1o oor Yn))
G=1, ...,n) in der Umgebung des singuldren Punktes untersucht.







