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Common fixed points of a family of mappings

in Menger and uniform spaces (**)

Introduction

Sehgal and Bharucha-Reid [7] extended the notion of contractions and local
contractions to the setting of Menger spaces and obtained some fixed point
theorems in a subclass of probabilistic metric spaces. Subsequently a number of
fixed point theorems were proved in probabilistic metric and Menger spaces (for
an extensive bibliography, refer to Singh-Mishra-Pant [10]). Hicks [2] observed
that fixed point theorems for certain contractive type mappings on a Menger
space with «minimum norm» may be obtained from corresponding theorems in
metric spaces. In this paper we establish a fixed point theorem for a family of
mappings in Menger spaces and extend this result to uniform spaces.. These
results generalize and extend, among others, the result of Iséki [3], Rhoades [5],
Singh [8], Singh-Mishra [9] and Tarafdar [11].

1 - Preliminaries

A probabilistic metric space (PM-space) is an ordered pair (X, &) where X is
a nonempty set and & is a mapping from X x X to L, the collection of all
distribution functions. The value of & at (u, v) e X X X is denoted by F,, and
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the functions F,, are assumed to satisfy the following conditions:

@  Fo@=1forale>0 iff u=n.
(b) Fu,v(o) =0. (C) Fu,v = Fv,u'
@  IfF,,@=1and F,uy) =1, then Fy (@ +7)=1.

A Menger space is a triplet (X, &, t) where (X, &) is a PM-space and t-
norm ¢ [6] is such that the inequality

(e) Fo(x+y)=Zt{F, (), F, ()} holds for all u, v, w in X and all
x=0, y=0. :

Theorem 1. Let (X, &, t) be a Menger space with t-norm, t satisfying
tx, v)=x, x€[0, 11and {S;}icn: X— X. If there exist a constant k € (0, 1) and a
mapping T: X — X such that S{(X) c T(X), i e N and for every u, ve X, i, jeN,
1%#7, ,

(1.1) ‘ Fsys5,(ke)

= min {FTu,Tv(x); FS;u,Tu(x), FSJ/U,Tv(a‘;)y FSX-u,Tv(zm)y FSjv,Tu(zm)} fOT all x> 0
(1.2) T(X) is a complete subspace of X
(1.3) each S; commutes with T

then for each ie N, T and the family {S;} have a unique common fixed point.

Proof. Pick uye X. Since S{X) c T(X), we can construct a sequence {u,} in
X such that

1.4 Tu, =S, Uy n=1, 2, ...).
By (1.1) and (1.4)
F Tul,Tuz(kx) =F Syuo,Szul(kx)

= min {FTuo,Tul(m); FTul,Tuo(w)y FTuz,Tul(x)y FTul,Tul(zx), FTUQ,TuO(zx)} .
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Since by (e)
FTuz,Tuo(zx) Bmin {FTug,Tul(w): FTul,Tuo(x)}

we get

FTu,,Tug(km) = FTuO,Tul(x) .
Similarly
FTuz,Tus(kx) = FTul,Tug(x) .

Thus, in general

Fth,,,th,,+,(km) 2I'-’Tun_l,Tu,,(a';) .
So, in view of Lemma [10], {Tu,} is a Cauchy sequence and has a limit in
T(X). Call it p. Then there exists a point z in X such that Tz = p.

Fore>0,1>0, let Us.(c, 2) be a neighbourhood of S;z. Since Tu,— Tz there
exists an integer N(e, A) such that

(1.5) m=N implies Fp,, Tz( c)> 1- )\ and Fp, Tz( €)> 1-
Now by (1.1)
FTumH,S;z(E)
= min {FTum,Tz(S/k):‘FTu,,,H,Tum(E/k); FS,z,Tz(e/k)’ FTu,,,H,Tz(zs/k)y FSiz,Tzc,,,(ze/k)}

=min {FTumxTZ(lT_k@ 5), FTumﬂ,Tz( —1 2—kk. 5), FTz,Tum( --12";;]5 e)’

FSiz,Tu,,,“( l;Tk' 5), FTu,,,H Tz( 12kk 5)}

=min{Frp,,,, Tz( Zk s) Fopy,, Tz( s)} >1-—2 for all m=N.

Consequently Tz=p=S;2, and this is true for each ieN.
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Nothing that Tp = T(S;2) = S(T%) = S;p, we get by (1.1)

Fo k) >F, (@), ©>0.
This proves I'p =p. Moreover
Sip=8Tz=TS;z=Tp=p.
The uniqueness of the common fixed point follows from (1.1).

Remark 1. The above result is an extension to Menger spaces of, among
others, the results of Iséki [3], Rhoades [5], Singh [8] and Tiwari-Singh [12].

2 - Extension to uniform spaces

Let D = {d,} be a nonempty collection of pseudometrics on X. The uniformity
generated by D is obtained by taking as a subbase all sets of the form
U...={(u, v) e X X X: do(u, v)<c}, wherein d.eD and ¢>0. In fact, the
topology generated by this uniformity has all d.-spheres as a subbase. For
details refer to Kelley [4]. Cain, Jr. and Kasriel [1] have shown that a collection
of pseudometrics {d..} can be defined which generates the usual structure for
Menger spaces. Hence the following result is a direct consequence of Theorem 1.

Theorem 2. Let X be a Hausdorff space and {S;}ien: X— X. If for every
d.. €D there exist a constant k.. €(0, 1) and a mapping T:X— X such that
S(X)cT(X), ieN, for each u, ve X, i, je N (i#)),
@n d(S;u, S;v)
<k. max {d(Tu, Tv), d(S;u, Tu), d(S;v, TV), 1d(S;u, Tv), 1d(S;v, Tw)}

(2.2) T(X) is a sequentially complete subspace of X

2.3) each S; commutes with T

then T and the family {S;} have a unique common fixed point.
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Remark 2. The above result includes a number of fixed point theorems in
uniformizable spaces. For instance, the results of Singh-Mishra [9] and Tarafdar
[11] may be obtained with suitable choice of {S;} and T in the above theorem.

G.

References

L. CaiN Jr. and R. H. KASRIEL, Firved and periodic points of local
contraction mappings on probabilistic metric spaces, Math. Systems Theory
9 (1976), 289-297.

. L. Hicks, Fived point theory in probabilistic metric spaces, Review of

Research Prirodno-matematic¢kog fakulteta Novi Sad 15 (1985), 107-117.

. ISEKI, On common fixed points of mappings, Math. Sem. Notes Kobe Univ. 2

(1974), 14-18.
L. KeLLEY, General Topology, D. Van Nostrand, New York 1955.

. E. RHOADES, A comparison of various definitions of contractive mappings,

Trans. Amer. Math. Soc. 226 (1977), 257-290.

. SCHWEIZER and A. SKLAR, Probabilistic Metric Spaces, Elsevier Science

Publishing Co., ine., 1983.

. M. SEHGAL and A. T. BHARUCHA-REID, Fized points of contraction

mappings on probabilistic metric spaces, Math. Systems Theory 6 (1972), 97-
102,

L. SINGH, On common fized points of commuting mappings, Math. Sem.
Notes Kobe Univ. 5 (1977), 131-134.

L. SINGH and S. N. MIsHRA, Fixed point theorems in umiform spaces,
Resultate Math. 6 (1983), 202-206.

L. SINGH, S. N. MisHRA and B. D. PANT, General fixed point theorems in
probabilistic metric and uniform spaces, Indian J. Math. 29 (1987), 9-21.

. TARAFDAR, An approach to fixed-point theorems on uniform spaces, Trans.

Amer, Math. Soc. 91 (1974), 209-225.

. M. L. TiwArl and S. L. SiNGH, Common fixed points of mappings in

complete metric spaces, Proc. Nat. Acad. Sci. India 51A (1981), 41-44.

Abstract

In this paper we establish a common fixed point theorem for a family of mappings in
Menger spaces with an extension of it to uniform spaces. Our results extend and unify a
number of fixed point theorems in metric, Menger and uniformizable spaces.
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