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SANTI DoONATO (¥)

Exterior concurrent vector fields
on a pseudo-Riemannian manifold

endowed with a D-contact structure (¥¥)

Introduction

Riemannian or pseudo-Riemannian manifolds endowed with a D-contact
structure have been defined by R. Rosca [4];.

In the present paper we consider a pseudo-Riemannian manifold
M(%, n, & g, 2) endowed with a D-contact structure, and such that the (1.1)-
structure tensor field %, defines on M a pseudo-Sasakian structure (R. Rosca
[4),). On the other hand the concept of exterior concurrent vector field (abr. e.c.)
has also been recently defined by R. Rosca in [4], and M. Petrovic, R. Rosca and
L. Verstraelen [2].

We recall that if M is any Riemannian or pseudo-Riemannian oriented
C*-manifold with soldering form dp, then a vector field Z of M such that (a)
V2Z =u Adp, is defined as exterior concurrent; (in (a) VEZ means the second
covariant differential of Z and % is a certain 1-form). It is proved in this paper
that the necessary and sufficient condition that the structure vector field & be
e.c. is that it defines on infinitesimal homotety on M. This implies A = const. In
this case if Z is any e.c. vector field of M, then this property is invariant by
operating % to Z. Further, let M, be a Riemannian normal anti-invariant (K.
Yano and M. Kon [5]) submanifold of a manifold M e.c. vector field & If any

“vector field X of M, is e.c. then M, is a space form of elliptic type and the normal
connection V* associated with the immersion x: My~ M(%, 1, & g, A) is flat.

We study here the case when the structure vector field £ is e.c.

(*) Indirizzo; Dipartimento di Matematica, Universita, Contrada Sperone 31,
1-98166 Sant’Agata, Messina.
(**) Ricevuto: 8-VI-1989.
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1 - Preliminaries

Let M(, &, g) be a contact pseudo-Riemannian manifold with » (resp. &) as
canonical 1-form (resp. canonical vector field) and let V be the covariant
differentiation operator defined by the metric tensor g.

Let TM be the tangent bundle of M, and let I'TM = xM be the set of sections
of TM. If for any vector field Z e yM one has g(V,¢&, Z)=29(Z, Z) where
2 =div& (A = nowhere vanishing scalar field), then the triple (5, & 1) defines a
D-contact structure (R. Rosca [4],).

This definition is valid also in the case when ¢ has a Riemannian structure. If
we set AWM, TM)=I'Hom(A?TM, TM) we notice that the elements of
AYM, TM) are vectorial g-form (W. Poor [3]). In the following we assume that
My, & 2, g) is not flat and that TM is trivial.

Further we assume that g is of signature m + 1, m and that M is endowed
with a pseudo-Sasakian structure (R. Rosca [4],). At each point p € M one has
the decomposition T(M)=H,® %,, where T,, H, and %, are the tangent
space, a 2m-dimensional neutral vector space and a time like line orthogonal to
H,, respectively.

If % is the (1.1) tensor field of the pseudo-Sasakian structure and S, (resp.
S;) the time like (resp. space-like) components of H,, then % (% is also called
the para complex operator [1]) defines an involutive automorphism. Since
%=1, one has

(1.1 Ue,= ¢} US, = Sf USy =8,
(1.2 UZ=0 for any Ze{ Z,}.
The structure tensor fields satisfy
WE=Z—o2)  ¢Z, D=8  UD)=0
13)  n@)=1 o uz, Uz")=—-gZ, Z') +9(2Z)n(Z")

dn(Z, Z')= —29(UZZ") Vzé=0Z —n(2) &) + ?éZ—)VEE:O.

Now let @ =vect{e,, ex, ¢=¢&a=1, ..., m, a*=a+m} be a local field of
orthonormal frames over M, where ¢,€8,, ex €S}, £€ %,.
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Next denote by @*={0% ¥, n} the associated coframe of @ and by
wh=v8co (4, B, C=0,1,..,2m) and Qf the connection forms and the
curvature 2-forms respectively on M. Taking into account the signature of g then
with the help of (1.8), one finds that the soldering form dp e AY(M, TM) and the
structure equations (E. Cartan) are given by [1]

(1.4) dp=w“®ea—w“*®ea*+n®£_

Ve, =l ® ey — wl @ e+ (0 — A ® &

(1.5)
Vea* = 0)2* ® €p — Q)Zi ® €y + ((Ua - )\wa*) ® 3 VE= 2 2 dp + ?édp
do® = o® A wf — &® A of+n A Qo® — w®)
(1.6) :
do” =’ Aol — o A ol + 5 A Q0™ — % dyp =280 A o
del= Q%+ A ?— o} A 0%+ o) A of
a.m
dol = Q% + 0 A 0¥ — wft A 0% + ol A of where
(1.8) W= le® — o ol = 2™ — o,

In addition since @ defines an %/-orthogonal vector basis [4];, one derives
from (1.5) and (1.8)

(1.9) witofi=0 oh+ ol =0

and the above implies

(1.10) QR+ 0%E=0 QL+ 07 =0.

On the other hand let Z =Z%¢, e xM be any vector field of M and let
R e End(A2TM) be the curvature operator on M. As is known the second
covariant differential V2Z =d"(VZ) of Z(V*Z(U, V)=R(U, N Z; U, V€M)
is a vectorial 2-form; i.e. VEZ e AXM, TM). One denotes by dv:AYM,
CTM)— AT (M, TM) the exterior covariant derivative operator with respect
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to V [4], (@™ =d"od" is not always zero unlike d. If Z satisfies V2Z =u A dp
for a certain 1-form u e A* M then according to the definition or R. Rosca 44,2
is called an exterior comcurrent vector field. In this case u is called the
concurrence 1-form associated with X.
2 — Referring to the expression (1.5) of V&, and to (1.1) one may write
2.1) Vé=2dp+ Udp — @ E.
Taking the exterior covariant derivative V2& = d"(V&) of one gets first of all
2.2)  VPe=(AA+2X)Adp+anA Ldpdr A+ 2ady) ® &+ dv( %dﬁ) .
On the other hand one has
(2.8) Udp = 0" ® e — ™ ® ¢,.
Hence making use of (1.5) and (1.6) a straightforward calculation gives
C(2.4) d"(%dp) = — an A Udp + 1dn ®@ E— 4 Adp.
So by (2.4) equation (2.2) moves to
@.5) VEE=(d =P Adp~(drAn) ®¢&
where we have set
2.6) E=1-2,

Therefore according to (1.11) the necessary and sufficient condition that & be
exterior concurrent is

2.7 A=const#1.
Hence equation (2.5) moves to

2.8) V2= —fiyAdp.
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Since by definition A = div¢, one may say that the necessary and sufficient
condition that & be e.c. is that £ defines an infinitesimal homotety on M. In the
following we shall consider M(%, », &, g) for which £ satisfies (2.8). Such a
manifold will be called a pseudo-Riemannian manifold endowed with an exterior
concurrent D-contact structure (abr. e.c.D.c.-structure). If 7 is any vector field
of M one finds by (1.3) the intrinsec equation

2.9) UNZ =N UZ +(Z)dp + 2 Z)dp —n(Z)n ® &
which is coherent with (2.1). Next since by Cartan’s structure Eqgs. one has
2.10) ‘ V= Q8@ e, — OF @ e,
comparaison with ‘(2.8) givés instantly
2.11) Q=—fiy Ao QF =fin A o™,
On the other hand if
(2.12) Z=Z"s€xm

is any vector field of M, then by structure egs. the second covariant derivative,
of Z is gives by

(2.13) VPZ =2+ Q42" + QR Z) R ey + (QF ZP — QEZY — QF 7% ® e,
+ (@52 - Q%2 ®&.

Assume that Z is e.c., that is satisfies (1.11). Then by (2.11) and (2.18) one
derives from (1.11)

2.14) ' =—f24(2).

In the above

(2.15) Z)=6TM>T*M=3,24"

means the musical isomorphism [3] defined by g. It is worth to out line that
equation (2.14) is in accordance with the basic properties of any e.c. vector field.
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Further by (1.3) and (2.3) one finds after some calculations
(2.16) UNPZ =V UZ + (Z) VEE.
Hence if Z is e.c., one finds by (1.11), (2.8) and (2.14)
2.17 VEUZ =f26(UZ)Ndp +f249(Z)nNdp.
Therefore one may write
(2.18) ' V2 UZ =fU(UZ) +(Z)n) Ndp

and the above proves that the property for Z to be e.c. is invariant by operating
% to Z.

Theorem. Let M(%, v, & g, A) be a pseudo-Riemannian endowed with a
D-contact structure. Then the mecessary and sufficient condition that the
structure vector field & be exterior concurrent, is that & defines and infinitesimal
homotety on M. In this case, if Z is any exterior recurrent vector of M, then this
property is invariant by operating % to Z.

3 —Leta:Ms— M(%, v, & g, ) the proper immersion of normal antinva-
riant [4], submanifold M, of dimension m in M(%, v, & g, ).

Since by definition £ belongs to the normal bundle T*-M, of M, such a
manifold is defined by the completely integrable Pfaff system

@.1) w® =0 n=10

(we have assumed that M, is endowed a Riemannian metric tensor g,). In this
case the soldering form dp, of M, is given by

3.2) dps = 0* ® g, = g4 = Zf0®?

(we denote the elements induced by « with the same letters).
Assume that every vector field X on M, is exterior concurrent.
Then according to [4);, one knows that M, is a space form.
By (2.13), (2.14) and (3.2) an easy calculation gives for the curvature forms Qf
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of My, the following expressions
3.3) = 2t Ao,

As is known the above proves that M, is a space form M(f?) of elliptic type.
Denote by T, (M) (resp. Ty, (M,)) the tangent space (resp. the normal space) at
VpseM,. Since M, is an antinvariant submanifold of M, then as is known
UT,, (M) c Ty (My). It follows then by (2.18), that one has

(3.4) , V2UX=0

for any tangent vector X of M, (%X is obviously normal).

The above equations implies that the curvature tensor R* in the normal
bundle of M, vanishes identically. One says in this case (K. Yano and M. Kon [5])
that the connenction V* associated with a: M,— M(%, 1, &, g, A) is flat.

Next by the last equation (1.5) and by (3.1) one may write

(3.5) VE=Mo"® e,) + ™ ® e,

But ¢ being a normal section of My, the second fundamental quadritic form
l; associated with £ is as known l;= — (dp,, V&). Hence by (3.5) and (3.2) one
finds I;= — Ag4, and this expression proves that £ is an umbilical section.

Theorem. Let M, be a Riemannian normal anti-invariant and m-dimen-
sional submanifold of the manifold M(%, v, £ g, 2) discussed in 2. If any
vector field X of My is exterior concurrent, then M., s space-form of elliptic
type and the mormal connection V associated with the immersion
:Ma—M(U, 1, & g, ) is flat. Further, the structure vector field & defines
an wmbilical section on M,.
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Riassunto

In questo lavoro si considera una pseudo variets Riemanniana M(%, », & g, »)
dotata di una D-struttura di contatto (B. Rosca) e tale che (1.1) tensore U definisce una
struttura pseudo Sasakiona. Si dimostra che lo condizione necessaria e sufficiente
perché il vettore di struttura & sia «exterior concurrent» (R. Rosca) & che £ definisca una
omotetia infinitesimale sulla M. In questa situazione vengono studiate alcune sotto-
varietd anti-invarianti di M.
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