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On quaternion submanifolds of codimension r (**)

1 - Preliminaries

Quaternion submanifolds of codimension 2 have been defined and studied by
A. Hamoui [1] and others. Dube and Nivas [2] defined and studied the almost 7-
contact hyperbolic structures. In the present paper, we consider a submanifold of
codimension r of a quaternion manifold and study some of its proper-
ties. We also show that the quaternion submanifold of codimension 7 admits an al-
most r-contact structure.

A quaternion manifold M*" is a manifold admitting a set of three (1, 1) tensor
fields F'*, G*, H* satisfying the following relations

(L1 F¥G¥2=H¥®=—-]  F*=G*H*=—H*G*
1.2) G*=H*F*=—F*H* H*=F*G*=—G*F*

where I denotes the unit tensor field.
If g* is the hermitian metric on M** we have

1.3) g"(F’*Xx, F*Y*)_—_g*(X*,Y*)

for arbitrary vector fields X*, Y* on M*.
A manifold V,, is said to possess an almost r-contact structure [2], if there
exists a tensor field ¢ of type (1, 1), #C* contravariant vector fields u, Zz], ey 17]
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and rC* 1-forms 7}4, 124, ..., % (r some finite integer) satisfying
E=—-T+u®U U =6YU
T T Y
(14) T Yy &
Upd = 05U w(U) = & + 630

where 0 are scalar fields, 47 denotes the Kronecker delta and
x, ¥y, 2=1, .., 7

2 - Structure in M7

Let M* =" be submanifold of codimension r of the quaternion manifold M*".
Let B be differential of immersion i: M4 ~"— M* . Thus a vector field X in the
tangent space of M~ corresponds to the vector fields BX in that of M** [3]. If
]y , =1, 2, ..., * be mutually orthogonal unit normals to M**~7, the transfor-
mation F*BX and F*];l' can be expressed as [1], [3]

2.1) F*BX = BFX + 4(X) N

2.2 F*JX=BQ“6§ZZ\[
where % are rC® 1-forms, F a tensorfield of type (1, 1) on M**~" and g are rC”
vector fields on M "(x =1, ..., 7).

Similarly, for tensor fields G* and H*, we have

(2.8) G*BX = BGX + 1(X) N G*N = - BV - 04N
2.4) H*BX = BHX +w(X)N H*N = —BW - 04N

, w, are rC* 1-forms, Xa{, X;V are rC~ vector fields and G, H are (1, 1) tensor
fields on M* ",
We have the following

Theorem 2.1. The quaternion submanifold M*~" of codimension r ad-
mits three almost r-contact structures, corresponding to F'*, G*, H*,
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Proof. Operating on (2.1) by F* and making use of equations (1.1), (2.1) and
(2.2), we obtain

-BX=BF2X+§JL(FX)Z;7+$L(X) {~By~ 0N}
Comparing tangential and normal parts, we get
2.5) Fi=—-I+4XU WolF = gu%.

Multiplying (2.2) by F'* and making use of the equation (1.1), (2.1) and (2.2),
we have

=N =~ {BFU+ i) N} - 04 {~BU - 0;N}.
The comparison of the tangential and normal parts, gives
2.6) Fy=o4y W) = & + 03,6

where , y, z=1, ..., r and & denotes the Kronecker delta.

In view of equations (2.5), (2.6), it follows that M*"~" admits an almost r-con-
tact structure.

Similarly we can prove that the quaternion submanifold M**~" of codimension
7 also admits almost r-contact structures with respect to the tensor fields G* and

3 - Some other results

By virtue of equation (1.2), we have G* H* BX* = F* BX which in view of
(2.1), (2.8) and (2.4) takes the form

BGHX + %(HX)];/' +i#(X){~BY ~ 04N} = BFX + %’L()ozy.
The comparison of the tangential and normal parts gives
3.1 GHX = FXiX)V VHX) = w(X) + 64 (X)

where ¢, y=1, ..., 7.
In view of (1.2) we have G*H "Zg\c/' =F *]g\c/' , which by virtue of the equations
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(2.2), (2.3) and (2.4) takes the form
~ {BGW +o(W) N} ~ 0% {-BV - 03N} = - BU - 0;N.
Comparing tangential and normal parts, we get
(3.2) GW=U+0otV BW) = 0+ 6405 .
Similarly we can obtain sets of relations
(3.3) HF =G+u®W FG=H+1®[ ete. .

Further in view of the relation (1.2), we have (G*H*+H*G*)BX =0,
which by virtue of equations (2.3) and (2.4) takes the form

BGHX + %(HX)zy +(X){~BY ~ 61N}

+BHGX+%(GX)z>r+%(X){—Bty— oLN} =0.
Equating the tangential and normal components, we get
34 (GH+HOX=(XOW+HX)V  HX)+W(GX)=04{HX)+0(X)} .

Further, we have (G*H*+H >"G*)Zg\cf =0, which in view of the equations
(2.8) and (2.4), takes the form

BGW + (W) N + 6%(~BV — 0;N)
+BHY + ()N + 6(—~BW - 0;) = 0.
The comparison of the tangential and normal parts gives
(3.5) GW+HY =04 (V+W) VWY + (V) = 20165,

where x, ¥, z=1, ..., 7.
Results corresponding to tensor fields (HF + FH) and (FG + GF) can be ob-
tained in a similar way.
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Abstract

We consider a submanifold of codimension r of a quaternion manifold and study some
of its properties. We also show that the quaternion submanifold of codimension r admits
an almost r-contact structure.






