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B. A. SALEEMI (¥)

Curvatures of conformally equivalent manifolds (**)

1 - Preliminary results

Two Riemannian manifolds (M, (,)) and (M',{,)") are said to be conformally
equivalent if there exists a diffeomorphism ¢: M — M’ and a smooth map
0: M — R such that

(1) (¢, (X), ¢, () = > (X, Y)opp !

for all vector fields X and Y on M.
Let D be the Riemannian connection on M. Since we have
[X, Y] =DxY — DyX, then for all vector fields X, Y and Z on M we get
2(DyY,Z) =X{Y,Z)+Y{(Z,X)-Z(X,Y)

2
@) Y, [Z, X))~ (X,[¥, Z]) + (,[X, ).

A routine caleulation involving (2) and relation ¢ [X, Y]=1[¢, X, ¢, Y] leads
to

Lemma 1. If D and D' are the Riemannian connections on the confor-
mally equivalent manifolds M and M’', then we have

@) D§ ,$,(Y) = ¢, (DxY + X(0)Y + Y(0) X — (X, Y))grad o)
where grado denotes the gradient of o in the contravariant form.

Denoting the curvature tensors of M and M’ by R and R’ respectively, we
have
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Theorem 1. For all vector fields X, Y and Z on M we have
R' (9, (X), ¢,(Y) ¢, (Z) = ¢, (R(X, Y) Z)
+¢.(Z, Dy grado)Y — (Z, Dy grad o) X)
~ ¢, (Y, Z)Dy grad o — (X, Z) Dy grad o)
@ +¢, (Y, Z)X(0) grad (o) — (X, Z)Y(0) grad (o))
6, (¥, Z) | grad (0)|*X ~ (X, Z)| grad ()]°Y)
+¢, (Z(0)Y(0) X — Z(0) X(0)Y).

Proof. Using Lemma 1, we may write
000 D4, 0,0, (Z) = ¢, (DxDyZ + X(Y(0) Z + X(Z(0) ¥)
+¢, (Y(0)DxZ + Z(0) DxY)
- ¢, (X(Y, Z)grado + (Y, Z) Dy grad o)
) +¢,(X(0)DyZ + X(0)Z(0) Y + X(0) Y(0) Z)
+¢,(DyZ(0)X +2Z(0)Y(0) X — (Y, Z) | grad o|*X)
~ ¢, (X, DyZ)grado + Z(o)X, Y)grado + Y(o)Z, X)grad o).

On the other hand, from (8) we derive
Dy 1x,119.(Z) = ¢, {Dix, vZ + Z(0)[X, Y1}
(6) +¢>< {[X; Y] (U)Z - <Z, [X, Y])grad O"} .

Since by definition we have
R' (¢, (X), ¢.(Y) ¢, (Z)=Dy ) Dy, v $.(Z) — Dy vy D, ) 9:.(Z) = Dy, 1x, 1 $:(Z)

taking into account (5) and (6), we are now able to obtain relation (4).

2 - Two-dimensional Riemannian manifolds

We assume that M and M’ are both 2-dimensional Riemannian manifolds.
Let p, e, e; be an orthonormal frame field on M. We denote the dual coframe
by p, wi, we. Primes will denote quantities pertaining to M'.

Then Theorem 1 enables us to prove

Theorem 2. If M and M' are conformally equivalent, then their Gaussion
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(Riemannion) curvatures satisfy relation
) K' =e¢ 2K~ 40) o !
where 4 is the Beltrami-Laplace operator.
Proof. In Theorem 1 we set X =7 = ¢;, Y = ¢;. We also denote by o; and

oy the first and second order partial derivatives of o.
Taking into account that we have

e;(0)=0; grado=o0,6, + 0se ji=1,2
relation (4) reduces to

R' (¢, (e1), ¢, (e2)) p,.(e)) = ¢, (Bley, €3) ey + Dy, grad o)

® +¢,(e,, D, grado)e; — (e1, D,, gradoe,).

Now:
9 D, grado = 06, + 06,0, + whe)e, +o,w2(e) e
10) Ao =04 + 09— 0,07(ey) ~ 0, w5(ey)

where the w¥ are the connection forms and a sum with respect to 7 is under-
stood.
Putting these values in (8), we get

11 R' (¢, (e1), ¢, (e2)) ¢, (e1) = ¢, (R(ey, e3) €1 + (d0) e3)
and then
(12) (R’ (¢, (), ¢, (e)) ¢y (€1), ¢, (e2)) = (@, (R(ey, es) ey + (d0) e2), ¢, (€2)).
Since by (1) we have
(P (e), B (e)) =e¥ o™ (P (o), B (e)) =001  j=1,2
then
(13) (R’ (¢, (e1), ¢, (e2) ¢*(615, P (e)) = —K'(e*"op™).

Finally, using (18) and again (1), from (12) we obtain (7).

Note. An unexpected pay-off from equation (7) is the known result that
the conformally equivalent closed, oriented 2-manifolds have the same Euler
characteristic.

In effect, starting from (7) and writing f= e "%2°(K — 4(0)) in equation (6)
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of [2], p. 165, we get
(14) ‘{fcp*(wi/\wé) =vf K wi\ws.
! M’
Using Green’s theorem ([3], p. 281), we have

JRKo,Nwy= [ K'wiANwsy ie x(M)=x(M').
M M’
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Sommario

Viene stabilita una relazione tra i tensori di curvatura di due varietd riemanniane
n-dimensionali conformemente equivalenti. Nel caso particolare m =2 (superfici) si
ottiene un interessante risultato per le curvature gaussiane. Da questo, utilizzando 1 teo-
remi di Gauss-Bonnet e di Green, é possibile dedurre la nota proprietd che le due super-
fici hamno lo stessa caratteristica di Eulero-Poincaré.
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