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MARIA GRAZIA NASO (%)

Exponential stability of a viscoelastic plate

with thermal memory (¥*)

1 - Introduction

In this paper we investigate the asymptotic behavior of solutions of a problem
describing temperature and vertical displacement evolution in a homogeneous,
thermally isotropic, Kirchhoff plate composed of material with linear memory and
subject to thermal deformations. In addition, a non-Fourier constitutive law for
the heat flux is considered here. The resulting model has been derived in the fra-
mework of the well-established theory of heat flow with memory due to Gurtin
and Pipkin [5] and will appear in [3]. In the sequel we sketch the modelling
procedure.

We assume that the plate occupies a fixed bounded domain 2 c R?, with Lip-
schitz boundary I'=I", U I'; and is rigidly clamped along I"; and simply suppor-
ted along I';. In addition we suppose that T, N T} = 0.

The material composing the plate is isotropic (mechanically and thermally)
and viscoelastic, so that its stress-strain law is given by

(1.1 Sx,t) =G E(x,t)—ay0x,t) I

where S and E denote the stress and strain tensors, respectively, = denotes con-
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volution, v = — , and
ot
Gr)=An)IQTI +20(1) I, for t=0
is a fourth order tensor involving two independent relaxation functions
A,o: R"—=R.

The last term in (1.1) represents the thermal stress and a is a positive constant.
Moreover, let g(x, t): 2 X R—R? be the heat flux vector in the plate. According
to the linearized Gurtin-Pipkin heat law for a thermally isotropic body, we
assume

1.2) qglx,t) = — k= VO(x, t)
where 6 denotes absolute temperature, é(x, t—s) = Je(x, t — 1) dr is the sum-

med temperature history and k : Rt — R is the heat JO(Zux memory kernel. Unfor-
tunately, we are not allowed here to use the corresponding linearized expression
of the internal energy and its balance equation. Indeed, the theory of Gurtin and
Pipkin only applies to rigid heat conductors, so that we must resort to some gene-
ralization if small deformations are taken into account. Therefore, we take advan-
tage of the thermodynamically consistent theory of linear thermoviscoelasticity
proposed in [9]. There, the usual energy balance equation is replaced by

1.3) oohlx,t) = —V-q(x,t) +oyr(x, 1)

where & is the thermal power, which denotes the rate of heat absorption per unit
of volume, g > 0 is the density of the medium, and r is the external heat supply
per unit of mass. Neglecting any hereditary contribution to mechanical dissipa-
tion, % is described by the following linearized constitutive equation (see [9]):

0
(1.4) W, t) = 22 |B: E,(x, t) + Qe—ocﬁt(x, H+raxd,x, i)
Qo 0

where B is a symmetric second order tensor, a : R* — R is the energy memory
kernel, ¢ > 0 is the specific heat of body, 9 =0 — 6, and 6 is the reference tem-
perature. Dealing with rigid conductors (B =0), & reduces to time derivative of
the Gurtin-Pipkin’s integral energy after integrating by parts, provided that
Sli_)n}o a(s) = 0. This procedure is consistent with respect to the time reversal pro-

perty and thermodynamic principles (as shown in [3]).
Putting (1.2) and (1.4) into the energy balance equation (1.3) with zero exter-
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nal heat supply, and paralleleling the procedures of [7] and [8] in the framework
of hereditary materials, we obtain the following model of a linear viscoelastic plate
with thermal memory (see [3] for more details)

wy (1) + g(0) A2w(t) + A2jg'(s) w'(s) ds + a A9(t) =0
(1.5) . .
9,(t) + BO(t) + A ju'(s) Ht(s) ds — jy'(s) Bt(s) ds — a Aw,(t) =0
0 0

where the dependence on x € Q is understood. In (1.5) w is the bending compo-
0,0a(0)

0oC

nent of the plate displacement, = is a positive constant, A4 is the bidi-

mensional Laplace operator and

wh(s) =wt—s), ()= fﬂ(t—r) dr .
0

Memory kernels g, 4 and v are related to 4, o, k and a by means of suitable alge-
bric expressions of their Laplace transforms. Let ¢() be a function taking values
in a Hilbert space, and let denote by ¢ its Laplace transform, namely

©

@(s) = je “Te(t) dt .

0

Then, introducing the viscoelastic Poisson’s ratio v and viscoelastic Young’s mo-
dulus E so that their Laplace transforms are respectively defined by

(s) . ()3 A(s) +26(s)]
=——, EKE@)= = —
28[A(s) + o(s)] A(s) +o(s)

v(s)

)

we have (see [3])

E(s)d?

9(s) = 12(1 — 5292(s))

where d is the uniform thickness d of the thin plate. On the other hand we assume
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(see [3])

K(s) Ooa’'(s) 12 0,881+ 20,)
us)=——, ys)= ——— + —uls), a= PB4y -,
Qo€ QoC d QoC

where 1,=A(0) and o,=0(0).
The structural boundary conditions for the clamped-supported plate are as
follows (see [3], [7]):

(1.6) w(t)=w=0 on I'yx (0, + )
on
1.7 w(t) = B[ +G) wlt) +adt)=0 on I'yx (0, +x)

where n = (n;, np) is the unit outward normal vector,
Bo=A9+ (1—=vo) Big

is a boundary operator defined by

82

and
Gw=g'=w.
The temperature boundary condition is (see [3])
(1.8) A F+21,I10(1t)=0 on I'x (0, + x)
where 11,12=0, A; +1,%0 and
FO(t) = u » aﬁ:) = [us) o5 4

0

Remark 1.1. We observe that 1; =0 corresponds to zero temperature at
the boundary. The case 1;>0 leads to a variant of Newton’s cooling law,
namely

. As
Fo(t) = —A9(t), with 1= 1.

1

In particular if 1, =0 we have zero heat flux at the boundary.
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The initial state of the plate is given by the initial values of displacement, vel-
ocity and temperature (wy, vy, ¥¢) and, because of the memory terms, by the in-
itial histories of displacement and temperature (w°, 9°)

w(x, 0) =w,(x), w,(x, 0) =vy(x), IHx, 0) =7 ,(x)

1.9
wlx, —s) =w’(x, s), ¥x, —s) =9%x,s), VseR".

Concerning the constitutive relaxation functions g, u and y in (1.5), we assu-
me the following set of hypotheses.

(h1) g, 1, yeC?(0, ©)NCIO, ©), g, u,y>0, onR*
(h2) 9(0)=1, g(o) =g, >0, (o) =y(o)=0
(hg) gr’,y/,lu/<0, g",’}/”,ﬂ”>0 on R+.

In addition, if we expect to achieve exponential decay of the energy, we must as-
sume that g', 4’ and y' decay exponentially as s — o, namely there exist three
positive constants 6, 6, and 63 such that

(h4) g"(s)+0,9'(s)<0, for seR"
(15) W(s)+0qau'(s) <0, for seR*
(h6) y"(s)+ 03y’ (s)<0, for seR".

In recent years, many efforts are devoted to studying thermoelastic Kirchhoff
plate models. Several authors studied the problem

{wtt—yAwtt+A2w+aA0=0
PO —nA9 + 00 — adw, =0

taken from J. Lagnese’s monograph [8]. When the rotatory inertia is neglected in

the plate equation, i.e. y = 0, J. Kim in [6] proved the uniform stability of the ther-

o
moelastic system with the clamped boundary conditions w = a—w =9=0.J. E.
n

Munoz Rivera and R. Racke [13] analysed the coupled equation with the hinged
boundary conditions w = Aw =3¢ =0. K. Liu and Z. Liu [11] developed an ab-
stract framework for analysis of linear thermoelastic systems and, in particular,
for homogeneous and nonhomogeneous Kirchhoff plates with different sets of
boundary conditions. Z. Liu and S. Zheng [12] established the exponential stabili-
ty of the semigroup associated with the Kirchhoff plate under thermal or viscoela-
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stic damping. G. Avalos and I. Lasiecka [1] determined the uniform stability of the
thermoelastic plate with no added dissipative mechanism on the boundary.

Our purpose is to extend previously quoted results to viscoelastic plates with
thermal memory by paralleling a procedure successfully applied to viscoelastic
bars [2]. In particular, we show the exponential decay of energy of the linear Kir-
chhoff viscoelastic plate with thermal memory subject to fixed boundary condi-
tions. In spite of the presence of a convolution term, the original problem is tra-
sformed into an autonomous system by suitable choice of variables. As a conse-
quence, linear semigroup theory is used and the exponential stability is proved for
a class of memory functions including weakly singular kernels which decay expo-
nentially for large time.

2 - Functional setting and notation

Let Qc R% With usual notation, we introduce the space L? acting on Q. He-
reafter, (-, ) denotes the L?Z inner product, and || denotes the L2 norm.
Let

H,’fj:[(pem(g)’ ¢ ~0 onry fori=0,...,k—1}, j=0,1.

ai
on'
Moreover, using Green’s formula, we have

J(Azﬁﬁ) @2dQ2=0(@y, @3)
@.1) °

oA oB
+J[ D1 az(m
T

P
+(1-wvy) ]gozdr—f[Agol+(1—v0>Blfpl]ﬂdr
on E on

where 7= (—mny, n;) is the unit tangent vector. The bilinear form a is given
by

a(q)lr (Pz) = J[QO 1ww P 20w + q)lyy(pZyy + VO((plqu)Zyy + (plz/g/q)me)
Q

+2(1 _VO) (plxy(p%y] s

and B, is a boundary operator defined by

By =8 —=13) @1y + 11 12(@ 1) — @ 100) -
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We introduce the following Hilbert spaces

M=!¢:R"—=H} NH}

f lg'(s)|ale(s)) ds < + oo]
0

N= [fp :RY—H! j[lﬂ’(S) IVe)IF+ |7 () [l [P1ds < + oo]
0

respectively endowed with the inner products
(@1, fpz>g=f|g’(8)|a(¢1(8), ¥2(s)) ds,
0
(@1, P2l y = f[lﬂ’(s)IW(pl(s), V(s)) ds + [y (s) [(@1(s), @2(s)] ds .
0

In order to rewrite problem (1.5)—(1.9) in a history space setting, we introduce the
Hilbert space

Z:=UXVXOXMXxXN

where U:=Hf NH}, V:=L? ©:=L* and whose inner product is given
by

(21, 22)7 = (W1, Wo )y + V1, Va)y + (D1, D)o + (W1, Wa)u + (N1, Na)n

= g @y, W) + (0r, 02+ (D1, B2) + [ |97 () [awy, o) ds
0

+ [ ) (Vs Vnod+ |77 ()[4, m2)] ds
0

with Zi= (Wi, Vi 02’7 h’i’ ’7'L')T; 1= 17 2.
Let

a(@) = alg, @) = [[9% + @3+ 200@upy, +200— 1) ¢%,]1dQ
Q

according to [16].
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Remark 2.1. We can see that
2.2) (@) = Clollyz, VeeHE NHE

for some constant C > 0.

We conclude this introductory part with some basic facts about semigroup of
operators. For a detailed exposition of the subject the reader is referred to [14]
and [15]. In the sequel of this section, let H denote a real Hilbert space endowed
with the scalar product (-, -) and norm |-||. Since no confusion should occur, we
denote again by ||-|| the norm of a bounded operator on H.

Theorem 2.1 (Lumer-Phillips). Let £ be a linear operator with dense do-
main D(L) m H. If £ s dissipative and there is a 1,> 0 such that the range,
R(AoI — L), of Ayl — L 1s H, then L is the infinitesimal generator of a Cy-semi-
group of contractions on H.

For later convenience we recall that a linear Cy-semigroup 7(¢) of contractions
is said to be exponentially stable if there exist two constants M =1 and >0
such that

(2.3) ”T(t) ZOHHSMQ 7ﬁt”Z'0HH, VZOEH, Vi>0.

We recall that the complexification of H is the complex Hilbert space H, de-
fined by

He={z|z=x+1y, x,yeH},
endowed with the inner product
(1 + 1, T+ o) = (X1, ) + (Y1, Yo) + KY1, 22) — Ky, Y2).

Analogously, the complexification £~ of £ is the linear operator on H- with
domain

D(Lo) ={z|z=a+1y, x, yeDL}
defined by
Lolx+y) = L+ 1Ly
and the corresponding semigroup S(¢) on I(- is defined by

St x+y) =T) x+iT() y .



[9] EXPONENTIAL STABILITY OF A VISCOELASTIC PLATE... 45

In order to prove the exponential stability of the semigroup 7(¢) generated by
£ we shall use a crucial property of its spectrum. The basic result, which traces
back to Priiss [15], appears in the relevant literature under some equivalent state-
ments. Here, we recall the following (see [4])

Lemma 2.1. Let T(t) be a contraction semigroup on a real Hilbert space
H, let £ be its infinitesimal generator. If the operator il — Lo is uniformly
bounded below as B eR, that is, if there exists o> 0 such that

then T(t) is exponentially stable.

3 - Existence and uniqueness

After introducing the new variables

3.1) u(t) = w;(t)

3.2) Pi(s) =w(t) —w(t —s)

33) w@ﬁﬂh@—nm
0

and setting

= (w’ v? 19\’ w’ n)T’

system (1.5) can be written as an abstract evolution equation

34) 2,(t) = Az(t)
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on the Hilbert space Z where the operator @ in (3.4) is given by
( v

[w] — g A%w +0fg’(s)A21/)(s) ds — add

= ladv—po - Ju’(s)An(s) ds+jy'(s) n(s) ds
0 0

T R’ > =

V- Py
v ﬂ_ns

and its domain is defined as

weH'NH NH},
veHﬁoﬂH}l,ﬁeHz,
[9' () A2y dseL?,
0

°c fﬂ’(s)An(S) ds—fy’(s) n(s)dseL?,

0 0

Y(s)eH'(RY; |g'|; HE,NH}), w(0) =0,
n(s)e H'(R*; |u' |5 |y |; HY), n(0) =0
w e ¥ satisfy (1.6)-(1.8)

\

By (8.2) and (h2), the structural boundary conditions (1.6)-(1.7) become

E
3.6) w=a—“’=o on Iyx (0, + o)
n

3.7) w=® gww—jg’(s)w(s)ds +ad=0 on I'yx (0, + )
0

and the temperature boundary condition (1.8) reduces to

S on(s)
3.8) Alj/,t (s) =L ds—2,9=0 on I'x (0, + ).
0 on

[10]
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Remark 3.1. Taking into account (3.8), it follows that

ddr= Aforar it 2,>0
r

(3.9 j[[ ‘s )ﬁd
r

0

A
where 1= 22 =0.

1
According to (1.9), initial conditions can be written as
(3.10) 2(0) = 2y, 20eZ

where z, = (w,, vy, ¥¢, ¥°, °) and
0 s
P(s) =wo—w'(s), ') = [d@ dr=[0@)dr.
% 0
The energy of the thermoviscoelastic plate is represented by

1 oo
B = 5 [gm atw(®) + [o® I+ 9D+ [ 197 (s) |a() ds
0

T 1
[T 1 o o] = 5 ot
0
In the sequel we shall prove the well-posedness of the initial boundary value pro-
blem (3.4)-(3.10). In view of Theorem 2.1 we prove the following Theorem.

Theorem 3.1. If the memory kernels satisfy (h1)-(h3), then A is the infini-
tesimal generator of a Cy-semigroup of contraction on Z.

Proof. First, we prove that @ is dissipative. For every ze D(A) we have

Az, z), = (v, w>U+<—gwA2w+fg’(s)A2w(s)ds—aA0,v>
0 v

2]

+<aAv—ﬁ0— Jﬁ’(s)An(s) ds + Jy’(s) n(s) ds, 0> +{v—vy,, Yy
0 0

+<ﬁ_773a 77>N: _ﬂ||ﬁ||2_f|:J (s )ﬁd ﬁdr—(UJm ’/’)M‘(’?m 7]>N'

r Lo
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Integrating by parts, in view of (h3), it follows that
1 3 ”n
o ¥l = 5 [076) ay() ds >0
0

(3.11) L
(nmmN=EJMWQmeW+y%wM@Wﬂ%>0.
0

The above calculation is obtained formally taking product in M and N and can be
made rigorous with the use of mollifiers (see [4]).

o 5
Remark 3.2. Because of (3.9), we have either ¥ =0 or Jﬂ’(s) a—n ds =20,
for A=0, so that 0 "

j( fu’(s) %ds)ﬁdrzo.
I \o0
Thus we obtain
(Az,2);<0
so proving the dissipativeness of .

Now we prove that the operator I — @ is surjective. In order to determine the
range of I — @, we consider the system

I-dz=2z,
where z = W, 9, 9, ¥, ) € Z, namely
(W—v=w
v+ gL, A%w— fg’(s)Azw(s)deraAﬂ:T)
0

(3.12) ) = - _
O+ p0—adv+ jy'(s)An(s)ds - jy'(s) n(s)ds =90
0 0

Y-—v+yY, =y
(n—D+n,=7.
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Integrating (3.12), and (3.12); we obtain
Y, ) =o)L —e )+ [em Y, 1) dr
0

(3.13) \
nG, s) =091 —e )+ jewm., 0 de.
0

Substituting v and v from (3.12); and (3.13); into (3.12), we obtain
(3.14) wHc,A%w+ add=v+w+ J’g’(s)Az[(e s-1) @T)Jrfe”‘*@ d‘L':| ds,
0 0

and substituting # and v from (3.13), and (3.12); into (3.12); yields

¢, ¥ —c, A9 — adw
3.15 — ’ : o :
(8.15) =19—aAoTv—j,u’(s)fef‘szlﬁdrderfy’(s)fe"sﬁdrds,
0 0 0 0

where

©

Cg=0x — Jg’(s)(l—e“”)ds
0

cy:1+ﬁ—jy'(s)(1—e*8)ds
0

C,u.: - J'//t,(S)(l _678) ds .
0
All these constants are positive by virtue of (h1)-(h3). From (3.8) we obtain

” A9(t) B o S 9ni(n) ]
11[ w(s) ——(L—e *)ds+ |u'(s) [e" ¥ ——Zdrl =2,0().
of on oj of on

Moreover, it can be shown that the right-hand sides of (3.14)-(3.15) are in H L.
Multiplying equations (3.14) and (3.15) by w e H? N H} and ¥ € H', respectively,
integrating both equations on £ and considering the structural and temperature



50 MARIA GRAZIA NASO [14]

boundary conditions (3.6)-(3.8), we obtain
[wis d@ + ¢, [99 dQ + ¢, [ V-V de
o Q Q

0,4 [0 AT + ¢, a(w, @) + o [[HAD) — (4w) T dQ
r Q

(3.16) = [wde + [45d2 - [g'(9)(1 - e ™) a, @) ds
: ) ) 0
+ Jg'(s)[ Je”sa@, D) dr] ds
0

0

+ﬂj5{9d9—j [fef_sf(u’(s)Aﬁ(r)—y’(S) ﬁ(r))f?dgdr] ds .
Q 0 0 [}

By the Lax-Milgram theorem, there is a unique solution (w, ¥) e Hf, N H} x H'
such that (8.16) is satisfied for all (i, ) e H F,NH} x H'. This implies that there
exists a unique weak solution ¥ e H' of the following elliptic boundary-value
problem

( ¢,9—c, A9 =f;(w, w, D, %) on

o .
1llcﬂ— + 420 = fa(ip) on I’
on
where
fi(w, w, 9, ﬁ)=aAw+ﬂ5—aA@Au—f,u’(s)JeT’SAﬁdrds
0 0
+ fy’(s)Je”Sﬁ drdseL?
0 0
and

. -1/ €2
fz(n)—ll[ofﬂ (S)Ofe Wdr}'

By the regularity theorem [10], it follows that 9 € H?, making sense to the boun-
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dary conditions. By (3.7), substituting v from (3.12); into (3.13);, we have
(B(gww— Jg’(s)[(w—@)(l—e‘s)+ Je""’@(r) dr] ds)+a19:0.
0 0

Moreover, we Hf, N H}, is a weak solution of the following elliptic boundary-
value problem

w+ ¢, A%w = f3 (9, 0, W, ) on Q
3

w= w =0 on I’y
on

w=0, c,Bw)+B(fi@,y) =—adeH**(I'y) on I

where

(9,9, , 9) = —a A+ 70+ + jg'(s)AZ
0

(e —1)p+ jeﬂ‘a dr] dseL?.
0
and
fi@, p) = — jg’(s)[(es—l) w+ je“‘"@t(r) dr] ds .
0 0

By the regularity theorem [10], we obtain we H* N H7? N H}, and then v = w — w
eH} NH} . From (3.12), and (3.12); we obtain, respectively,

~ 9 Ay ds,  [lu' ) Ans) —y () n(s)) dse L2,
0 0

By (8.13); and (3.12),, we have y e M. Analogously, neN. =

Remark 33. If f=0and g’ =y’ =0 then well-posedness is proved also in
the thermoelastic plate involving the Gurtin-Pipkin heat flow theory.

4 - Asymptotic behavior

In the sequel we take into consideration the asymptotic behavior of solutions
2(t) = T(1) 2, of (3.4). By means of Lemma 2.1, we prove the exponential stability
of the semigroup generated by «.
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Theorem 4.1. Suppose that g, u and vy satisfy conditions from (hl) to (h6).
Then T(t) =e'? is exponentially stable.

Proof. Let Z- and A be the complexification of Z and A, respectively. Fir-
st, we prove that S(t), the contraction semigroup on Z- generated by (., is expo-
nentially stable. We use the contradiction argument assuming that the conclusion
of Lemma 2.1 is not true. Thus, we consider the case when (2.4) fails to hold. Na-
mely, there exists a sequence of f,eR and a sequence of z,
= Wy, Vy, Oy Y, Na)' €D(@A), such that

(41) nli)r}}w ||(Zﬂnl - af) zn”Zc =0 ’ ||zn||Zc =1 VnelN.

As n— o, the limit in (4.1) is equivalent to

(42) s (’Lﬁ n Wy — vn) —0 in UC

4.3) iB v+ g A%, — jg'(s)Azwn(s) ds +aA9, —0 in V.
0

4.4 B0, +p0,+ J[,u’(s)Ann—y’(s)nn]ds—aAvn —0 in O
0

(45) iﬁnU)n_/un—i_aswn —0 in M‘C
(4.6) WPBun,—9,+0n, =0 in Np

0
where 38, = = Denoting by ||-|| the norm of L2, the complexification of L2, it
S

follows that

Re<(iﬁnl - a(‘) 2 zn)Zp = —Re (asz zn)C

0
17 (8) ds
on

= 1‘971 2 '
I ||c+rj[0jﬂ 8

1 oo
P40+ = [9"() ac(y () ds
0
1 oo
5 [W @I+ 7" Gl Gk + ds 0.
0

Here, by virtue of (h3), each term is nonnegative and then tends to zero. Moreo-
ver, if 1;=0 and 1, =0, by virtue of (h4)-(h6) we obtain

(48) HﬁnH@gHO7 Hlpn”Mc%Ov HWWHN(%O .

n— o n—> o n—x
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When 4,, 1,>0, we have in addition
4.9) 9|20y —> 0.
As a consequence of (4.8),
(4.10) o, [ + ol == 1.
On the other hand, from (4.2) and (2.2) we infer
iBow,—v,—>0 in Ve= Lg,

so that

(411) iﬁn<wn7 vn)‘C - ||vn 0.

Starting from (4.3) we obtain

iﬁn@’na wn>C + gw<A2wn7 wnr>C

- Jg,(SXAzwn,(S), wn>(‘,ds + a<Aﬁn? wn>(‘,
0

= iﬁn<vn7 wn>‘C + ||wn||%](t - ng(s) ac(wn(s)’ wn) ds + a<ﬁn’ Awn>‘C m 0.
0

The last term converges to zero because of (4.8) and || 4w, || < 1. Moreover, from
(4.8) and (4.10) we have

[97 ) ac,(9),w,) ds| < lac@)1? [ =g ()ac(y ()] ds
0 0

1-g. 1/2
s( ) [ —

n— o
©

Thereby

’Lﬂ n<vn’ Wy, >(‘J + ”wn ”%]( m 0
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and adding to it the complex conjugate of (4.11) we get

(4.12) [, 7. = [ [, —=0..

By comparing this limit with (4.10) it follows that

1 1
(4.13) lw . —= =, vl —= =

n—> © 2 n—> ®© 2

Now, we claim |B,|=¢e>0, for all n. Otherwise, from (4.2) we infer that
vnmo in Uq (at least a subsequence) and so does in V. This contradicts

(4.13),. We complete the proof showing that (4.13) leads to a contradiction. In-
deed, we rewrite (4.5) in the form

3
Vo SV Lo in M.

414 -
@b YeT ) T g,

s,
Under conditions imposed on g(s), we can easily check that :

limit (4.14) yields

e M. Thus, the

1:[3 n

JSg,(S)“C(’/)m ?)i)ds—aLt(?)i) fsg/(s)ds
(415) 0 2ﬁ" ﬁn 0

n—> 0o
n

1 v
+— ' { as ns _72 ds—>0.
B Oj sg’'(s) ac( Y 7 ) s

By paralleling [12] previous arguments imply the first and the third term in (4.15)
converge to zero. Thus the second term in (4.15) also converges to zero,
namely

ac( .’Un )—>0
/Lﬂn, n— oo

and, by (4.2), we obtain

ac(w,) —=0.

This contradicts (4.13). As a consequence, S(t) is exponentially stable: there exists
a constant w >0 such that

[S(t) o

o<e “Nooll,  VYoo=(x+iy,) eZe.
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In particular, if oy=2,+ 0 then
18®) aollz. = T 2ollx < e |[agllz. = e = |20]lx,

so proving the exponential stability of 7. =
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Abstract

We study herein a two-dimensional evolution problem arising in the theory of linear
thermoviscoelasticity with hereditary heat conduction. Linear semigroup theory is used
to etablish the well-posedness and the exponential decay of solutions. In spite of the pre-
sence of a convolution term, the original problem is transformed into an autonomous
system by suitable choice of variables. In order to achieve the exponential stability, we as-
sume that mechanical and thermal memory kernels decay exponentially for large time
and have a weak singularity at the origin.



