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SEVER S. DRAGOMIR (¥)

Bessel type inequalities
for non-orthonormal families of vectors

in inner product spaces (*¥*)

1 - Introduction

Let (H; (-, -)) be an inner product space over the real or complex number field K.
If {€i};c(1.ny are orthonormal vectors in H, i.e., (e;, ;) = oy forallije{1,...,n},
where J;; is the Kronecker delta, then we have the following inequality:

n
(1.1) > K, ej>|2§ |||*  for any x € H,
=

which is well known in the literature as Bessel’s inequality.
In 1941, R.P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalisation of Bessel’s inequality (see also [8], p. 392):

Theorem 1. [Boas-Bellman; 1941, 1944]. If x,¥y1,...,y, are vectors in an
inmer product space (H; (-,-)), then

1
n 2
(12) PCA IR }ggllyiller( > |<?/ia?/j>|2> :

i=1 1<iZ<n
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In 1971, E. Bombieri [3] (see also [8], p. 394) gave the following generalisation of
Bessel’s inequality:

Theorem 2. (Bombieri, 1971). Let x,y1, . .., yn be vectors in (H;{-,-)). Then

(13) > I ynf< Ilezlrgiag;{Z!<?ﬁ,%>|}
i=1 - U=

Another generalisation of Bessel’s inequality was obtained by A. Selberg (see for
example [8], p. 394):

Theorem 3. [Selberg] Let x,y1,...,y, be vectors imm H with y; #0 for
1€{1,...,n}. Then

90 ?/1 2
14 E < ||e||”.
14 < S i i) y1,y;>| |

In 2003, the author obtained the following Boas-Bellman type inequality [4]:

Theorem 4 [Dragomir, 2003]. For any x,¥1,...,Yy, € H one has

max \<ym%>}}

1<

05 Yl el {1
We remark that in all inequalities (1.2) — (1.5) the case when {y;};c(;

orthonormal family produces the classical Bessel’s inequality.

The aim of the present paper is to provide different sharp upper bounds for the
n

Bessel sum Z| (¢, ;)|* under various conditions for the vectors enclosed. It is also
i-1

shown that these inequalities are of interest in the case that the family of vectors

prov1ded as well.

2 - The results

The following sharp inequality of Bessel type for Fourier coefficients satisfying
some restrictions may be stated:

Theorem 5. Let (H; (")) be a real or complex inner product space, y, I' € K
with I' # —y and x,y; € H,j € {1,...,n} such that

(2.1) (Rel —Re(x,y;))(Re(x,y;) —Rey)+Um I —Im (x,y;))Imx,y;) —Imy) >0
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or, equivalently,

y+ I

1
22) (o) - 5| <gir =

foreach je {1,...,n}. Then

1

(2.3) <Z| @, Yj 2) <ﬁ||w||

The equality holds in (2.3) for x # 0 if and only if the equality case holds in (2.2)
foreachje{l,...,n} and

n

DY

J=1

Ir =y

\/_
I+

n

1 |[TP+6Re(I) + |y
(L +7)|l|l

Proof. The equivalence between (2.1) and (2.2) is obvious since for the complex
numbers z, y, I the following statements are equivalent:

) Re[(I' —2)(z—7)] > 0;
.. r 1
(ii) 2—% Sélf—y\-

The inequality (2.2) is clearly equivalent to

29) o 5] < hir o Rl +5) )

forj € {1,...,n} with equality iff the case of equality is realised in (2.2).
Summing over j from 1 to » in (2.5), we get:
r+7y < Z Yj >]

with equality if and only if the equality case holds for each j in (2.2 ).
Utilising the arithmetic mean — geometric mean inequality we can state

" +TP 1
(2.6) Z}(m,y,)}z—s—n‘%’ < Zn|1” — 7P+ Re|(

n % n 2
@) 2yl 5t (2»@ w>l2> < Yl 5]

=1

with equality if and only if

3 Z|<ac wf=n 51T
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Combining (2.6) with (2.7) we deduce

|2

1
- 2 1 A
<;|<x,y7>| > Szx/ﬁ- Ty + Re

(r+y <
Ir'+y <x’zyj>]

J=1

1 |y ”
2.9 <=Vn- + (=, ;
Ll sy,
—4 T+ 79| = !

For the last inequality in (2.8) we have used Schwarz’s inequality |(u,v)| < ||u]|||v]],
u,v € H, for which, since

2
(w,0)o||”_ ol *[[]P = |, 0) P
2 - 2 ’ v 7é Oa
o]l o]
the equality case holds if and only if
(u, v)v

Therefore the equality case holds in the last part of (2.8) if and only if

S Zjnzl <9(}, y]>90
R
j=1 (B4

Now, if the equality case holds in (2.2) for each j € {1,...,n}, then squaring and
summing over j € {1,...,n}, we deduce:

n n

2 1 1

(2.10) > Ky ™= Re<x, (y+1) Zyj> avidU y|2—1n|r +9P.

j=1 j=1
From (2.4), taking the inner product and the real part we have

(2.11) Re<9c, (y+1")zn:yj> =

=1

(T P+6 Re(I9) + [y
o]

2
]|

]

n
= 2P -r =P
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Therefore, by (2.10) and (2.11) we get

1 1
Z;w = 2 1T = 9B 4 gl — o i+

2.12) ,
_Z|F+V| .

Taking the norm in (2.4) we have

1 < I =P

—= ||l Yj f

Jall| o + 5V T

2
(2.13) :\/E.(z‘r”' _|F_y|)+1ﬂ.|F—V|2

4 1"+ 4 1"+
n

—VRr )

The equations (2.11) and (2.12) show that the equality case is realised in (2.3).
Conversely, if the equality case holds in (2.3), it must hold in all inequalities needed to
prove it, therefore, we must have:

(2.14) (®,y;) —% =%|F —y| foreachje {1,...,n},
(2.15) Zly@c y)fF=n V;F ,

=
(2.16) Im<90, (r'+7y) iy]> =0

=1

and
(2.17) zn:yj = w X

=t ]

From (2.14) we get:
1 1
Re(x, (I + p)y;) = \(m,?/j>!2+glfﬂlzj\F*VIZ,

which, by summation over j and (2.15), gives

Re<x (I +vy) Zyj>—n

F+y‘ ‘F—yz
j=1

2 2

2.18
(218) - g- [|F|2+6 Re(I'y) + \yﬂ.
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On multiplying (2.17) by y + I" # 0, we have

< F+V)Z}21:t/j> »
[

(I +7)- Z%

(2.19) Re(x, (I'+7) Sy ;) - “m<x’ (I +9)55u) x

el

Finally, on making use of (2.16), (2.17) and (2.18), we deduce the equality (2.4) and the
proof is complete. |

, The following results that provide a different bound for the Bessel sum

Z’(w, Yi) |2 may be stated as well.
J=1

Theorem 6. Let (H;{-,-)) be a real or complex inner product space, I',y € K
with Re(I'y) >0 and x,y; € H, j € {1,...,n} such that either (2.1) or (2.2) hold
true. Then

n N\ 2 1 |F+V|2
(2.20) j:1\<x,yf>\ = 4Re(ry)

n 2
>
=

The equality holds in (2.20) for x # 0 if and only if the equality case holds in (2.2)
foreach je{1,...,n} and

- 2Re(Iy)
= (" + )]l

gl

with equality if and only if the case of equality holds in (2.2) for eachj € {1,...,n}.
Utilising the elementary inequality between the arithmetic and geometric mean,

(2.21)

Proof. From (2.6) we have

(2.22) Zy @, y;)[*+nRe(I'5) < Re|(
j=1

we have

(223) 2V (i|<w7yj>\2> VET) < Y {w.ei)F+nRe(I)
=1 =1
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with equality if and only if
n 5 ~
(2.24) [(, ;)" = nRe(I'7).
=1

Combining (2.22) with (2.23) we deduce

2
SO G a0 20
T (=, ?/j>|2 < dnRe(I7)
n 2
(2.25) |1+ <xzy;>

= 4n Re( ’)

2
-~ ||90|| ;
1

n 4Rer

where, for the last inequality we have used Schwarz’s inequality. The equality case
holds in the last inequality (2.24) iff

n ,'.l -
22 3y, LT )
= o]

Now, if the equality case holds in (2.2) for each j € {1,...,n}, then squaring and
summing over j € {1,...,n} we deduce:

(2.27) i!(w, yj>|2: Re<ac, (I'+7) Xn;y]> - %mf - y|2—%n|l" +9P.
= =
From (2.21), taking the inner product and the real part we have
(2.28) Re<x, (I+7y) iy]> =2nRe(I'y).
=1
Therefore, by (2.27) and (2.28) we have

S 5) = n Re().
=

Taking the norm in (2.21) we have

1 |F+y|
n 4Re (I'y)

Z

=1

|9€|| =nRe(l7),

showing that the equality case holds true in (2.20).
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Conversely, if the equality case holds in (2.20), it must hold in all inequalities
needed to prove it, therefore we must have (2.14), (2.24 ), (2.26) and

(2.29) Im<x, (I +7y) iy;> =0.

From (2.14) we have
1 1
Re(w, (I' +y)y;) = \<%7y1>|2+glf+y\zjlffylz,

which by summation over j and (2.24) gives

(2.30) Re<x, (I +vy) iy]> =nRe(I'y) +nRe(I'y) =2nRe(Iy).
=1

Since y + I' is not zero (because |I" + y|22 4 Re(I'7) > 0), we have by (2.26), (2.29)
and (2.30) that

. Re<ac, (F+y)2yj>—i1m<%7 (F+V)Zyj>
=1
X

L J=1
. 2
J=1 (L + )l

2n Re(Iy)
= 72 . x,
(" + )|

which obviously imply the identity (2.21), and the proof of the theorem is complete. ]
Remark 1. A more convenient sufficient condition for (2.1) to hold is
(2.32) Rel > Re(x,y;) > Rey and ImI > Im(x,y;) > Imy

foreachje{1,...,n}.

Remark 2. If{es,..., e} is an orthonormal family of vectors, then from (2.3)
we get
1
n 2 2
2 1 |~y
2. ; < z
(2:33) <;|<x,e_,>| ) < llell + Vi

while from (2.20) we get

_|_
234) zy 2.6)['< o sl
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One must observe that in this case both (2.33) and (2.34) provide coarser bounds than
Bessel’s inequality (1.1). Therefore, since (2.3) and (2.20) are sharp inequalities, they
must be used only in the case of non-orthogonal vectors satisfying (2.1) or (2.2).

3 - Applications for complex numbers

Utilising Theorems 5 and 6 above, one can sate the following reverses of the
generalised triangle inequality for complex numbers that may be of interest in ap-
plications:

If

(8.1) (Rel — Rezj)(Rezj — Rey) + (ImI' — Imz;)(Imz; — Imy) >0
or, equivalently,

(3.2)

for each j € {1,...,n}, then

33) (i!zﬁ) " L

J=1

provided I" # —y, and
1 |F+y|
(3:4) Z| ]| n 4Re( Fy)

provided Re(I'y) > 0.
The equality holds in (3.3) if and only if the equality case holds in (3.1) (or in (3.2))
foreachj e {1,...,n} and

72”: _Lrp +GRe(FV)+IV|
71 I'+7

The equality holds in (3.4) if and only if the equality case holds in (3.1) (or in (3.2)) for
eachj € {1,...,n} and

Remark 3. Ifwe take the square root in (3.4), then we get

n 1/2
S s R
") TV 2y/Re(Iy)
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n
which, for )~ z; # 0 is equivalent with

(3.5)

J=1

We now observe that the inequality (3.3) is an additive reverse of the well known
Schwarz inequality

1/2
1 n ‘ n .2

whaile (3.5) is a multiplicative one. Therefore one can not compare the two reverses
and decide which is better and when.

(1]
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Abstract

Some sharp Bessel type inequalities for non-orthonormal families of vectors in inner
product spaces are given. Applications for complex numbers are also provided.
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