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Some properties of multivariable
Gegenbauer matrix polynomials

Abstract. New generalized form of the multi-variable Gegenbauer
matrix polynomials are introduced using the integral representation
method. Certain properties for these new generalized multi-variable
Gegenbauer matrix polynomials such as differential relations, operational
and hypergeometric matrix representations, generating matrix functions
are derived. Further,some formulas in [18] have been corrected.
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1 - Introduction, definitions and notations

The analogous extension to the matrix framework for the classical case of
Humbert (see [1]- [4], [20]), Hermite [17], Jacobi [9], Gegenbauer [12,13,16],
Laguerre [14] and Chebyshev [8] polynomials has been carried out in recent
years, and properties and applications of different classes for these matrix poly-
nomials are the focus of a number of previous papers, see [1,7,10,11,23, 24]
and references therein, for example. Throughout this paper, for a matrix
A € CN*N its spectrum is denoted by o(A). The two-norm of A, which
will be denoted by || A ||, is defined by

A
| A= sup 1A Il
20 | 2 [|2
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where, for a vector y € CVN || y |l2= (yTy)% is the Euclidean norm of y. I
will denote the identity matrix in CN*V. We say that a matrix A in CV*V
is a positive stable if ®(A) > 0 for all A € o(A), where o(A) is the set of the
eigenvalues of A. If Ag, Aq,..., A, ..., are elements of CV*Y and A,, # 0, then
we call

P(ﬂj‘) = Apa" + Anflxnil + Anf2$n72 + ...+ Az + Ao,

a matrix polynomial of degree n in x. If A+ nl is invertible for every integer
n > 0 then

(1.1) (A, =AA+DH(A+2])--- (A+(n—1)I);n>1;(A) = 1.

Thus we have

(D} (e, (enl

(12) (n—Fk)!  nl R 0sksmn,
(1-3) (A)m+n = (A)m(A + mI)m
and
_ (=D)"(A)m
(1.4) (A)m—n = mﬁ <n<m.

The hypergeometric matrix function is defined in [13] as follows:
> 1 —1_n
(1.5) oFy [A,B; C; 2] = Z:OM(A)H(B)”[(C)”] 2",

where A, B and C are matrices in CN*V such that C' + nI is invertible for
integer n > 0 and |z| < 1. For the purpose of this work, we introduce the
following hypergeometric matrix functions:

Fpt (Ap) 1 (By); (Ch); oy | = i P (A s Hj}_';(Bj),n IT_1(C))s
(Dl) : (Em)7 (Fn), r,5=0 o
S - .
(1.6) | j[2h H(EJ)T [1E)| =y
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where for convergence

prg<l+m+lp+k<i+n+l, |z <oyl < oo,

or
ptqg=l+m+1Lp+k=I0+n+1and
1 1
@70 + [y 00 < Lif p>1 max{lellyl} < Lif p <l
Fl(an) [A1, ..., An, B1, ..., By Ci ey, oy ]
(1.7)
[e.e]
A (A B ...(B B
- Z ( l)ml ( ”)m'n( 1)|m1 ( n)mn [(C)m1+...+mn] 1:1371n1...;z::’3n7
may:...Mp!
mi,...,mp=0
max{|z1], - [za|} < 1;
(1.8)
S 1 ay"2P
He A, B, D; Ciz,y, 2] = Z (A)metp(B)m+n(D)nsp [(C)min+p) ‘minlp!
m,n,p=0 mm:p:

{lzl=r<Lyl=s< Lzl =t <Lir+s+t—2/[(1—r)(1—s)(1 —t)] <2},
where (1.6), (1.7) and (1.8) are the hypergeometric matrix versions of Kampé de
Fériet function of two variables F’ ;Zfﬁ[27, p. 27, Eq. 28|, Lauricella function F' j(gn)
[27, p. 33, Eq. 2] and Srivastava’s triple series He [27, p. 69(38)] respectively and

all matrices in (1.6), (1.7) and (1.8) are in CNV*¥ such that

(D; + rl),j =1,2,..,1 is invertible for r > 0,

(Ej+rl),j=1,2,...,m is invertible for r > 0,

(Fj +rl),7=1,2,...,n is invertible for r > 0,
and

(C + nlI) is invertible for n > 0.

Clearly for n = 2, formula (1.7) reduces to

(1.9)

PP = B[4 4 BB Ciny] = Y Wt )elBn(E ),

m,n=0

mlin! [(C)m-‘rn]_l xmynv

max{|z|, [y|} < 1;

where Equation (1.9) is the matrix version of Appell§ function of double vari-
ables F3 (see [27,p.53(6)]). The generalized hypergeometric matrix function
(see (1.5) and [21]) is given in the form:

(1.10) qu [Al,...,Ap;Cl,CQ,...,Cq;Z]
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=3 L e (AL (Gl
n=0 "

where (C; +nl), (i = 1,2,...,q) is invertible for n > 0.
Next, we recall the following relation [27]:

(1.11)

i f]:nl Ny

_ T
(I-z1—z2—- - —x) A= Z (A)m—i----—i-nri,“‘ E [Z1+- -+ <1
ni: Ny!

ni, =0

Also, we recall that if A(k,n) and B(k,n) are matrices in CV*¥ for n > 0 and
k > 0 then it follows that [28]:

oo [n/2] 0 0
(1.12) SN A(kn) =D A(k,n+ 2k),
n=0 k=0 n=0 k=0
and
oo [n/m] 0 oo
(1.13) > Y B(k,n)=>> B(k,n+mk),
n=0 k=0 n=0 k=0

where m is positive integer.
For convenience, a few conventions and some notations are introduced here:

(1) Boldface letters denote sum of dimension r; for instance, we have
n=(ni+ny+--+n)m=(mi+my+--+m),

k= (ki +ko+--+k)s=(s1+s24+ - +s)
n+m:(n1+m1++nr+mr)

and
n+m+s+k=(+m+si+ki 40+ me+ s+ k).

(2) The symbols x = (z1,--+,z,) and y = (y1, -+ ,¥,) denote multiple
(r-dimensional) variables.

Motivated by the aforementioned works in [1,15,16,17] and largely by the
work of Dattoli et al. [6] who have used the link between Hermite and Gegen-
bauer polynomials to introduce generalized forms of Gegenbauer polynomials.
In this paper, various generalizations of Hermite polynomials were exploited
to introduce several forms of multivariable Gegenbauer matrix polynomials.
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In Section 2, we introduce form of multivariable Gegenbauer matrix polyno-
mials. In Section 3, we derive certain differential properties involving these
polynomials. In Section 4, we obtain hypergeometric and operational matrix
representations for multivariable Gegenbauer matrix polynomials. In Section 5,
we establish certain generating matrix relations involving multivariable Gegen-
bauer matrix polynomials. In Section 6, concluding remarks are given.

2 - Multi-variable Gegenbauer matrix polynomials

In many situations an integral representation of matrix polynomials is more
convenient to use and to establish more (new ) general forms of matrix polyno-
mials than its series representation. In this regard the the second-order Hermite
Kampe de Fériet polynomials [28]

[g] n—2s,,s

Z Yy
s= 0

will be exploited here to introduce multivariable Gegenbauer polynomials

;?l,mly"',nr,mr (x,y) in form of integral formula. The multivariable Gegen-
bauer matrix polynomials Cfl 1. e, (X, Y) can be defined in the following
form:

(4

CA
n1!m1! s nT!mT!

w1 mi, g me (6,Y) =

(2.2) x/ —t4A+(n+m— ”H{HnJ 21, —t 1) Hy, (2y;, —t 1)} dt,
0 =1

where A is a matrix in CV*¥ such that —k ¢ o(A),V integer k& > 0.
Now, making use of (2.1) and formula (see [16])

= /e_ttA_Idt, tA4~T = exp[(A — I)Int],
0

we find that C4

e mpmy (X, Y) are defined by the following series

[
CA

nam e npmy (6 Y) =

SE
o

5] [5]
Z Z (A)n+m—s—k
r=0kr=0

||M

v

&
Il
=)



176 MAGED G. BIN-SAAD 6]

r —1)5+7i (2 nj—2s; \m;—2k;

J=1 (nj — 28j)!(m]' — ij)!sj!k’j!

From (2.3), it follows that C;t , (x,y) is a matrix polynomials in 2r

variables x; and y; of degree prec1sely n; in x; and m; in y;, (j = 1,2,3, ..., 7).

Lemma 2.1. Let A be a matriz in CV*N | such that —k & o(A),V integer
k>0 and [uj| <1,|vj| <1, |z;] <1, and |y;| <1, [ 375, (2ujxj + 2vjy; —u
—fuj2-> |# 1. Then it follows that

—A
T
2 _ 2
1= (2ujz; + 2vjy; — uf — v7)
j=1
oo

A ™ T
(2.4) = Z Co i eee s my (x,y) ut o™ -

ni,mi, - ne,my=0

Proof. Based on (1.11), formula (2.4) can be written in the form

—A
r

1- Z (2uj:£j + 205y — u? - vjz)
j=1

o

= Z (A)n+m+s+k

n1,m1,81,k1, ,Mp, M, Sp,kr=0

(2.5) 11

. . +2 +2k;
r { (_1)sj+kj (21,)) (2y])mju;h SJU;TLJ }
j=1

.| Ao 1.1
n;lm;ls;lk;!

In (2.5), if we replace n; and m; by n; — 2s; and m; — 2k;,j = (1,2,3,...,7),
respectively, we get

—A
r

1- Z (2uj:£j + 205y — uj2 - v]2)
j=1

—

3
vl 2
—
M‘S

=
[—
—
of3

)

- )
= g n+m—s—k

ny,mi, ,Ne,mr=0s1=0 k=0 sr=0 kT:O



WJ SOME PROPERTIES OF MULTIVARIABLE GEGENBAUER MATRIX POLYNOMIALS 177

(2.6) ]];Il (nj — 28j)!(mj — ij)'sj'k]'

r {(_1)3j+rj (ij)nj—QSj (2y )mj_QkJUJ Ug }
which on view of (2.3), gives us the right-hand side of (2.5) and this complete

the proof of the lemma. O

In view of the assertion (2.3), we find that

(5]

DF(A) g _
2. A 1. 1) = (72n2k:A
@D Gl ol ) =30 SR = Gl @),
Crém,l),-n,o (xayala"' 71)
3] 5]

(2 8) — )k+5( )m+n k—s (2:c)m_2k(2 )n—2s :CA (m )
‘ k=0 s= Ok'S'( _Qk) (n—ZS) Yy n,m yY) s

where C' () and C’;ﬁm (z,y) are Gegenbauer matrix polynomials defined in [25]
and [18] respectively, and

A
M My (_X7 _Y) = ( 1)n+an1,m1, M, My (X7Y) .

Next, Putting z; =y; =1,(j = 1,2,3...,7), in (2.4), we get

(2.9) oA

n1,my,-

eSS
71141,m17 Ny My (1’ = Z Z Z Z(A)n—‘rm—s—k
: : r:()kr:O
r sj+rjon;+m;—2s;—2k;
(2.10) H{ A . ,}
e (nj — 285 (my; — 2k;!s;k;
From (2.10) it easily seen that
(2.11) Cil. o, 1) =1,
(2.12) Cio (1 1) =27 (A)y,,
and

(213) C;} ) (1; Tty 1) - 22T(A)4r + (A)Qr-
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Forz; =y; =0,(j =1,2,3...,7), (2.4) gives us

A
(T+uf+of+-+u +07)

o0
A -
(2.14) = Z Co v mpmy. (055 0) w0y -
ni,mi, - np,mp=0
However,
—A
(T+uf+of+-+u +07)
oo
= > (=)™ (A)nim
ni,mi, - e, my=0
o) () (o) () ()™

ny!mq!- - nlm,!

Therefore, we get

Cony 2my e 2mp 2, (057 ,0) = (=)™ (A) i

()™ (1) -+ (=)™ (o)™

2.16 )

( ) nllml!---nr!mrl

and

(2.17) Comyt1,2m141, 200t 1,2m41 (0, +,0) = 0.

3 - Differential relations

Let

r

(3.1) Q=11- (2ujzj + 2v5y; — u? - ’UJQ)

j=1
On differentiating (3.1) partially, with respect to z;, (j = 1,2,...,7), we get
o0 o ul

oy (1— 2521(2%%‘ + 2v5y; — u? - ’UJQ))

(3.2)

240,
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0%Q U1U 2
(3.3) = 2°A(A+ 1),
0102 (1= 20, (2ujz) + 2v5y; — uf — v3))?
a2 ujug -

3.4 = . 27(A), .
(34) Oxy---0xp (1 =375 (2uz; + 2vjyj u] —f))" (4)
Similarly,one can easily show that

oQ VIV - - - Uy
3.5 = = 2"(A),Q,
(3:5) Oyr---0yr (L =370 Quyzj + 2v5y; — u? —vj))" (4)
’I"Q _ _ r
(3.6) 9 _ - u) (w2 — ug) - (@ — uy) 27 (4),9,
Ouy -+ O0up (1 =370 (2ujm; + 205y; — u] —vf))"
Y (y1 —v1)(y2 —va) -~ (yr — vr)

3.7 = — 2"(A),.Q
(3.7) Qui--- vy (1 =320 (2ujzy + 205y, — uf — vf))" (4)

So that the matrix function € satisfies the partial matrix differential equations
orQ orQ

(38) (Ulvz"'vr)m = (u1u2---ur)m,

. o : o

(3.9) L1 (25 =) Jor 00, H (yj = vj) Jur - ou,

Jj=1 j=1
and
Q) a orQ
1;[ 8y1 o _Jl;[l(xj_uj) Oxy -+ 0z,
orQ "
1 - R ) —
(3.10) (vivg v )0111 L ou, (uug -+ u )au1 T ou

Again, differentiating Equations (3.4) and (3.5) with respect to y; and z;, (j =

1,2,...,r), respectively, we get

(3.11)
9% Q)

(ulvl .o

S UpUy)

Oy - Oz, Oyy -+ - O

yr (1= 205 (ujay + 2v5y; — uf —of))%

227 (A)2,. 90,
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and
(3.12)
9% Q (urvy -~ upvy) 2
= 297 (A)2,- 02,
Oy -+ OypOxy -+ Oz (1= 370 (2ujmj + 205y; — uf —vf))% (A)2
respectively.
Hence

a?rQ aZTQ

Oz - 0z, Oyy -+~ Oyr Oy - OypOxy - - - Oy

Similarly, we can show that

27 27
3.13) 97 Q) _ 92 Q) |
0xy -0z, 0uy - --Oup  Ouy ---O0up0xq - - - Oy
27 27
3.1 97 Q) _ 97 Q) |
0xy---0x,0vy---0v,  Ovyp---0v0xy -+ - Oy
2r 27
(3.15) 9% Q _ 97 Q) |
ayl T ayraul - Quy Quy - - 8urayl T 8%
2r 27
(3.16). o7 = 074

ayl T 8%5?}1 - vy vy -+ - 8vrayl T 8% .

On comparing Equation (3.4) with (3.6) and Equation (3.5) with (3.7), we find
that

r 0 oQ
(3.17) jl;[l(xj — Uj)m = (uqug - - ur)m,
and

s aTQ 8”’9
(3.18) jE[l(y] - Uj)m = (vyvg - W)m

Now, in view of (3.1), Equations (3.17) and (3.18), yield the following recurrence
relations:

T a,r,
[1 @ —w) mcﬁmmmm (%,y)

j=1
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(319) _(nl SR nr)c;?l,ml,--- MM (X, y) =0,
and .
[T —v) 52— (x.9)
e J J ayl . ayr N1,M1, Ny, My
(320) _(ml )C;?l,ml, M, My (X, y) = 07
respectively. Also, comparing (3.19) with (3.20), yields
T ar A
H (zj — uy) mcm,ml,---,m,m (x,¥)
7j=1
+ H LCA (x,y)
8y1 ay N1,M1, Ny, My ’
(3.21) =n1...ny)+ (M ... mT)thmh--- ey (X5Y) -

4 - Hypergeometric and operational matrix representations

Starting from (2.3) and using the results

2 .
(4.1) (=nd)a = (—1)2’“01_71!2]{)!1 = o2 H (‘”Z“H)k
and (1.4), we get

r 2x)" (2y,)™I
071141,m17"'7nr,mr (%,¥) = (A)n+m H {( 31)13'!1(71]‘!]) }

I I eI C R

81,8kt k=0 j=1 j

(4.2) x[(I=A=@m+m)l),,] "

Now, according to the definition of the matrix version of Lauricella series in n
variables Fl(;n) (1.7), Equation (4.2), yields the following hypergeometric matrix

representation

(2x;)"™ (2y;)
A
Cnlyml’ ST, My ( n+m H {W}
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ol B +1 Ny —np+1_—my_ —mp+1

B ; I)"'v I7 Ia I7 I)"'v
2 2 2 2 2 2
- - 1
(43) ;nTla m;+ I7I_A_(n+m)l7$1_277:177"_7y1_277yr_2 )
where
(44) max{’x1_2‘7”' ,‘.’1};2‘,’y1_2’ 7‘yr_2‘} < 17

and all matrices in F ](32T) are commutative in CV* satisfying the spectral con-
dition (1.1). In its special case when r = 1, Equation (4.3) would obviously
reduces to hypergeometric matrix representation for Gegenbauer matrix poly-
nomials of two variables (see [18]), in it is corrected form, involving the matrix
version of Applle’s double hypergeometric series F3 (1.9), as follows:

(22)"(2y)™

. —n+1, —m. —m+1
(4.5) x Fy 7”[, ”; I, 2mI, m; LI—A—(n+m)azyl.

Next, we build up the right Riemann-Liouville fractional derivative operator,
which plays the role of augmenting parameters in the hypergeometric functions
involved (see [28, Chapters 4 and 5]).

The following two formulas are well-known consequences of the derivative
operator D, and the integral operator D' [19]

. T(A+1)
4. Dm A _ A—m
(4.6) =@ I‘()x—m—l—l)gj ’
. (A +1)
4. D™ A — A+m

meNU{0},Ae C/{-1,-2,...}.

According to (4.6) and (4.7), we introduce the following symbolic opera-
tional image for the multivariable Gegenbauer matrix polynomials
c (x,y) (for more details see [5]):

n1,mi, e, My

CA

nami e npme (5, Y) =

ﬁ { (225 /u;)"™ (2y;/vs)™ }tA+(n+m—1)IP—1(A)P(A + (0 +m)])

Am,.!
ngimg.
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,
exp |— Z ((2xj/uj)_2Dt_1Dth_l + (2yj/vj)_2ﬁt_1ﬁgjt_l)
j=1

T

(4.8) (A+(n+m—1)1 H {U;LJ v;nj }

j=1

Derivation of the result (4.8)

Denoting the right-hand side of assertion (4.8) by I and using the series
expansion of the exponential function, we find that

= [ { Bl B e i () )

Al
=1 n;img.

ﬁ f: i (—1)%5+ks (2 fug)=2% (2y; v;) ks

Sj!kj!

j=1 | ;=0 k;=0

ﬁ {Diiﬂ {ugbﬂ} f)ﬁj’?j {Ujm]}} {b;(8+k)tA+(n+m_s_k_1)I}.

j=1
Now, by virtue of the operators (4.6) and (4.7) and by employing (2.3), we find

the left-hand side of assertion (4.8).

It may of interest to point out that the representation (4.8), in particular,
(r = 1), yields the following interesting operational matrix representation for
Gegenbauer matrix polynomials C;im(x, y) (see Equation (2.8)):

(2z/u)" (2y/v)™
nlm!

il (2,y) = { } t=A=Am=DIP=L AD(A 4 (n 4+ m)I)
exp |- ((20/w) D7 D2 + (2y/0) 2D DY) |

(19 {iAsam Dt )
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5 - Generating functions

In this section we aim at establishing two additional generating functions
for the Gegenbauer matrix polynomials CA -, (X,¥) . First, according

ni,mi,-
to Equation (2.3), we get
[ee]
Z [(A)n—l—m] O;?l,ml, T M (X Y) u7111,U71711 e U?TU?LT
ny,mi, ne,me=0
o
= n+m+s+k n+m+2s+2k -
> (4) [(4) I~

n1,m1,51,k1, Ny, My, 8p,kr=0

(5.1)
jll nj!mjlsj!kj!

which on using the results (1.3) and (4.1), gives us

A T T
Z [(A)n—l—m] Onl,ml, SNy, Meyp (X Y) u?lvinl e U? U:n

(2 (2y;v;)
R A e

n1,m1,...,ne,mpr=0j=1

o0

X Z (A4+ (n+m)l)gix

81,k1,.,8r,kr=0

(), ] ()

1) +kiy 255 ,,2ks
] J
(52) % H{ 455 F 15 1] | }

Now, from (5.2) and with the aid of the known formula [28, p. 52(3)]:

o0 m1

(5.3) Z f(ml—l—...—l—mn)iil!...i:nt :n;f(m)(m—k.;ﬁ!—i-xn) ;

mi,....,mp=0
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we can easily establish the following generating relation

)
-1 ~A
Z [(A)n+m] Cnl,ml,--- N, My (X Y) u?l UTln1 e u?TU;nT

n1,mi, - N, mr=0

(2 i (2y,v;)™
-y I

ni1,mi, - ,ne,mp=075=1

A+(n+m)l A+ Mm+m+1)I

x1Fy {A—I— (n+m)l;

2 ’ 2 ’
(5.4) _<u%+v%+...+u$+v3>]7
4
_(u%+v%+.4.+u3+v3> ‘e

where 1F5 is a special case of the generalized matrix hypergeometric series
»Fy (see(1.10))such that all matrices in 1 /5 commuting in CV* satisfying the
spectral condition (1.1).

Again and directly, from (2.3), by exploiting the same procedure leading
to Equation (5.3) and making use of the familiar notation for multi-variable
hypergeometric functions (see [27, p. 38, Equation 1.4(24)]), we thus obtain the
following generating functions:

[e.e]

_1 A T T
Z [(A)n+m] ( )n+an1,m1, M My (X Y) u?llenl U u? U;“n

ni,m,s N, my=0

[e.e]

2x5u;)" (2y;v5)™
> ewal{*0

ny,mi, - N ,mr=0

B+ n+m)l B+ (n+m)l
2 ’ 2 ’

><3F2 |:A+ (n+m)I,

A+ (n+m)l A+ (n+m+ 1)1 u? + v+ 4w+ P
(5.5) , ;— ,
2 2 4
‘_ <u%+v%+.4.+u$+v3>' <1,

Z H{(Bj)nj (Dj)mj} [(A)n-i-m]_l

n1,mi,...,nr,mr=0 j=1
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A niy_mi Ny My
Onl,ml,...,nr,mr (X y) Up Uy~ e Up Uy

(2 (2
_ Z H{ xjuan]'m]ylﬂy) }

N1,M1 N ,myr=0 j=1

A+ (n + m)I . Bl-gnll’ Bl+(7;1+1)1; s BT-EnTI’ Br+(gr+1)1;
1:25...52
xF55.
n A+(m+m)]  A+(n+m+1)I |
2 ) 2 T T Ty T T Ty T T T Ty T T T,
(5.6)
Di+mil Di+(mai+1)I. | Dydmpl Dr+(me+1)I,
2 ) 2 ’ ’ 2 ) 2 ’
2 2 2 2
_ula ) _u'm _1)17 ) _vr )
T T Ty T T T Ty .;____?____’
2 2 2 2
maxﬂ_u |7"'7‘ —u |7‘ _'U1|,"'7|_'U7.|} < 17

where all matrices in 3F5 and F21 02 " ’02 commuting in CVN*V satisfying the spec-

tral condition (1.1).

6 - Concluding remarks

Remark (i). The material developed in Sections 3-5 provides several
important properties of the multi-variable Gegenbauer matrix polynomials. In
this regard, the integral representation in (2.17) together with the definitions
the so-called incomplete 2D Hermite polynomials (see [29]):

min(n,m)

(6.1) hopm (x,y;7) = nlm! Z

s=0

xn—sym—sTs

(n—s)!(m —s)!s!’

and the Hermite family:

min(n,m)
(6.2) Hym (:L’, Yi =, w‘T) = nlm! Z <n> <m>r!TTHn—s(xa Y)Hp—s(2,w),

S S
s=0

suggest us to introduce the following other types of multi-variable Gegenbauer
matrix polynomials:

r-'(4)
nylmq!- - nglm,!

A
Cnlymh MM (Xa Yy T) =
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r

(6.3) X 7 S | | {hnj,mj (xj,yj; %) } dt,
0

j=1

and .
G, (%32, WIT) = nllmI:! : ~(~1471”L),«!m,«!
o0 T

(64)  x O/ e ] {Haym, (32525, 221 ) }

The evaluating the integrals in (6.3) and (6.4) leads us to the following series

representations

A .
e my (% Y37)

min(ni,mi) min(ng,ms) n] 5j YIS
IO SR Sh 1 1} Wi
_51 H(mj — s5)!s;!
s1=0 sr=0 7j=1
and

A

M1,y T, Ty (X7 Yz, W’T)

75] mjfs
T min(n;,m;) [ ] [ ] ”1*251 —P; ZmJ*QSJ aj pr quT
J J J
= nim
Pl { Y 2_: 2_: Z - SJ — 2p;)H(my — sj — 2q;)!s;'p;lq;! }
Jj=1 5;=0 Dj
(6.6) X (A)nt+m-s-p—qs

respectively. For the matrix polynomials defined in (6.5) and (6.6), we can
establish a number of properties including generating relations, recurrence re-
lations, differential relations and hypergeometric matrix representations. The
details involved in these derivations are fairly straightforward and are being left
as an exercise for the interested reader.

Remark (ii). Unfortunately the technique applied in [22,p.278(6)] to
obtain the hyper geometric representation for the classical Gegenbauer polyno-
mials can not be applied in case of our the multi-variable Gegenbauer polyno-
mials (2.1), where here the multinomial formula contains 4r,r € N. Therefore,
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we choose here, to establish an analog result as in [18], for the case when r = 2.
That is when (see (2.1)):

—A
2
2 2
11— § (2uja; + 2v5y; — uj —v5)
Jj=1
[ee]
A n m n m
(6.7) = D Cr iy mzam (X1, T2, Y1, y2) w0y uzoy™.

ni,mi,nz,mz=0

Now, we can write the left-hand side of (6.7) in the form:

1 2U1(3}1 — 1) 2U1 (yl — 1) 2’LL2($2 — 1) 2U2(y2 — 1) 2’LL1’U1
Y - C -2
2uivy 2uivy 2uovy 2uqus 20109 —24

— — — — — (1—’LL1—U1—U2—’U2

B2 B2 B2 B2 B2

)—2A

o0
ni,mi, n2,msa

(68) - Z 071141,7711,71277712 ($1,$2,y1,y2)u1 vl 'LL2 'U2 ’

ni,mi,nz,ma=0

where 5 = (1 —u; — v — ug — v2) . On expanding the multinomial expansion
in (6.8), simplifying and comparing the coefficients of ujvjuve, we lead finally
to the formula:

(2A)n1 +mi+na+me
nilming!ms!

CA

ni,mi,n2,mo (‘Tl? .TQ, y17 y2) =

-1
y i (2A + (n1 +my + 19+ m2) Dy ko tks ks [(A+ 3D ket 4o
k‘ll e k‘l()!
k1,...,k10=0

X (=101 )by + ks +k-+ho (=700 ) kg ks +hr+kro (—712) ks +kr-+hs+ko (1102 ket kg ks +k1o

69 (oo A A e AN A B A A A D

' 2 2 2 2 2 2 '
It may of interest to point out that, if we let no =mo =ks =ky =kg=... =
k1o = 0, in (6.9) and employing the matrix version of Srivastava’s triple series
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He (see Equation (1.8)), then we shall obtain a hypergeometric representation
for the Gegenbauer matrix polynomials of two variables in the following form:

(24)n4
Cﬁm(a:,y): n!;;!m
1.1 1—2 1-—

where all matrices in Ho commuting in CN*¥ satisfying the spectral condition
(1.1).

Remark (iii). It seems that the author in [18], (also as noticed in [26]),
is not familiar with the notations and definitions of hypergeometric functions
of two and three variables, these are Appell’s double series and Srivastava’s
triple series, which illustrated fairly, fully in [27] and [28]. In this regard it is
important to note that the assertions (4.5) and (6.10) are the correct versions
of the Equations (49) and (51) in [18].
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